Radical Expressions and Graphs

Objectives
1  Find roots of numbers.
2 | Find principal roots.
3 | Graph functions defined by radical expressions.
4  Find nth roots of nth powers.
5 Use a calculator to find roots.

PEARSON
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Find roots of numbers.

The opposite (or inverse) of squaring a number is taking its square
root.

/36 = 6, because 6 = 36.

We now extend our discussion of roots to include cube roots {/_,
fourth roots 4/ _ and higher roots.

n

a

The nth root of a, written ’\/E is a number whose nth power equals
a. Thatis,

Ya =>bmeans b" —a.
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Find roots of numbers.

The number a is the radicand.
nis the index or order.
The expression is the radical.

Radical
sign

\
4 a%Radicand
H_/

Radical

Index
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Find principal roots.

nth Root

Case 1 Ifnis even and a is positive or 0, then
&’j’; represents the principal nth root of a,

—{/; represents the negative nth root of a.

Case 2 If nis even and a is negative, then
{/’E is not a real number.

Case 3 If nis odd, then
there is exactly one real nth root of a, written -’(]E .
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CLASSROOM PR
EXAMPLE 1 Simplifying Higher Roots
Simplify.
Solution:
J27 =3, because 3' =27
Y216 =6, because 6’ =216
V256 =4, because 4" =256
4243 =3, because 3° =243
2 2Y 16
J16 =3 because (;J =—
81 : \3/ 8l
0064 = 0.4, because 0.4° = 0.064
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Finding Ri
EXAMPLE 2 inding Roots

Find each root.

Solution:
V36 =6 —J36 =-6
16 =2 -y16 =2
sS 2
N—16  Notareal number. 243 =2
J-243 =-3
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Graph functions defined by radical expressions.

Square Root Function

The domain and range of the square root function are [0, «).

Slide 8.1- 7
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CLASSROOM - Graphing Functions Defined with Radicals
EXAMPLE 3

Graph the function by creating a table of values. Give the domain and
range.

f(x)=+x+2

Solution: Y

Graph functions defined by radical expressions.

Cube Root Function

The domain and range of the cube function are (-, «).
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CLASSROOM | raphing Functions Defined with Radicals (cont'd)
EXAMPLE 3

Graph the function by creating a table of values. Give the domain and
range.

FG0=3x-1

Solution: e

X f(x)
0 | Yo-1=-1 .
1 | A-1=0 ! //’
2 | 1=l EEEENVEEEE
-3 |¥3-1=-1.587 —_—]
4 | H11-144 :

Domain: (-, «)

Range: (-, «)

Domain: [-2, «) .
Range: [0, «)
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Objective 4
Find nth roots of nth powers.
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Find nth roots of nth powers.
a4
For any real number a, +/a’ :| a\ .
That is, the principal square root of a2 is the absolute value of a.
Slide 8.1- 12
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EXAMPLE 4 Simplifying Square Roots by Using Absolute Value

Find each square root.

Solution:

15° =[15/=15 V12 = -120=12

N

(=}

¥ =y (%) =-yH ¥l

Find nth roots of nth powers.

If nis an even positive integer, then {/; :\ a ‘ )
If nis an odd positive integer, then /a” = a.

That is, use absolute value when n is even; absolute value is not
necessary when n is odd.
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Objective 5

Use a calculator to find roots.
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CLASSROOM Simplifying Higher Roots by Using Absolute Value
EXAMPLE 5
Simplify each root.
Solution:
o4 S <
V(=3 = =50=5
(=57 =-5 nisodd
- —_— | — bl
~§/(-3)° =-|-3]=-3
4f 8 2 .
—\m =—m M 1S even
£
X = A‘S
636 | L3
§y' =807 =y
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EXAMPLE 6 Finding Approximations for Roots

Use a calculator to approximate each radical to three decimal places.

Solution:

J7 0 =41

[3%]
[95]

—362 =-19.026

9482 =21.166 J6825  =9.089
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ing Root Iculate R nant Fr n
EXAMPLE 7 Using Roots to Calculate Resonant Frequency

In electronics, the resonant frequency f of a circuit may be found by

where f is the cycles per second, L is in

the formula £ =

2z~LC
henrys, and C is in farads. (Henrys and farads are units of measure in

electronics). Find the resonant frequency fif L = 6 x 10 and

C=4x10%
Solution:
1 1
f=rFm—= /[= - ~324.874
2/LC 22:J(6x107 )4 x107) '
About 325,000 cycles per second.
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Rational Exponents

Objectives
1  Use exponential notation for nth roots.
2 Define and use expressions of the form a™n.
3 | Convert between radicals and rational exponents.

4 Use the rules for exponents with rational exponents.

PEARSON
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Use exponential notation for nth roots.

almn

of 1/
If /a is areal number, then @'" =

Notice that the denominator of the rational exponent is the index
of the radical.
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Evaluating Exponentials of the Form atn
EXAMPLE 1

Evaluate each exponential.

Solution:

327 =332 =2

642 =3/64 =J64 =8

81" =_4R1 =-3

(-8 1)1 4 @ Is not a real number because the radicand,

—81, is negative and the index, 4, is even.

(-64)° =364 =-4

(1]15 _31 71
\27. 27 3
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Define and use expressions of the form amn,

amn

If m and n are positive integers with m/n in lowest terms, then
m/n 1n\™
a""=(d")",

provided that al" is a real number. If a¥" is not a real number, then
am™n is not a real number.
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CLASSROOM

Evaluating Exponentials of the Form amn
EXAMPLE 2 aluating Exponentials of the Form a

Evaluate each exponential.

Solution:

257 =25 =(¥B) =5 =125
273 =(21) () =¥ =9
167 - (167} =-(VI6] =4 =64
(~64)" :[(764)”}: (&) = (-4) =16
(-36)"" provarea b s (=36)"" or 56,

Define and use expressions of the form amn,

a—-mn

1

min

a

(a+0).

. -min
If a™" is a real number, then @ =

Zamei» A negative exponent does not necessarily lead to a negative result.
Negative exponents lead to reciprocals, which may be positive.
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CLASSROOM . . . . .
EXAMPLE 3 Evaluating Exponentials with Negative Rational Exponents
Evaluate each exponential.
Solution:
3 1 1 1 1
814:1” -t -1t 1.1
81° (81‘4) (-‘ 81) 3 27
. 1 1 1 1 1
Ag32 = = = = =
36 - 362 - 1 - ER
3 ( 36 ) ( /36) 6 216
64\ " (25)° [ [25 5V 125
25 64 64 8 512
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Define and use expressions of the form amn,

Radical Form of amn
If all indicated roots are real numbers, then
am'n —fgm :(!{/E)m

That is, raise a to the mth power and then take the nth root, or take
the nth root of a and then raise to the mth power.

Define and use expressions of the form amn.

amin

If all indicated roots are real numbers, then

1/in

am'" =(a"")m =(a™) .
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CLASSROOM

EXAMPLE 4
Write each exponential as a radical. Assume that all variables,
represent positive real numbers.

Converting between Rational Exponents and Radicals

Solution:
192 :(219)1:\/5
1134 :(411)3

11
X TET T
=T (3R)
s 2\1/3 - -
(A" +,.1=') =3ix’+)’
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CLASSROOM

EXAMPLE 4 Converting between Rational Exponents and Radicals (cont'd)

Write each radical as an exponential.

Solution:

b7 =37"2

Yo =9%' =9" =81

3 Z8 =z, since z is assumed to be positive.
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Use the rules for exponents with rational exponents.

Rules for Rational Exponents

Let r and s be rational numbers. For all real numbers a and b for which
the indicated expressions exist,

s r=s a" =

1
a’ b’

Convright © 2012 2008 2004 Pearson Fducation I Slide 8.2- 12
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EXAMPLE 5 Applying Rules for Rational Exponents

Write with only positive exponents. Assume that all variables
represent positive real numbers.

CLASSROOM

EXAMPLE 5 Applying Rules for Rational Exponents (cont’d)

Write with only positive exponents. Assume that all variables
represent positive real numbers.

Solution:
. —12
-4
ab 3=(=2)q —4-1/5 |12 5,215\ V2
2,15 :(G‘ “b ) :(a‘b“ )
ah
\—-1/2 ay=1/2 c —
(s 2105 __-sipame = ——
=(a) “(677) b pan
2s( 35, 85 25 3ls 2 /5
r ”(r +r ’) ?
2/5+3 2/5+8/5 5 g g2
= SIS L L2SRIS SIS L 1005 ey
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Solution:
2 3 +1/3  _ Q3/6+2/6
31-_31, —3ls o3 — 36
7;: :7:3743:77:3: 1
77 7
2,236
1/322/3
a’b 232118 13g-1/318 13V6 4 -1318]
S| =@y = (a7 ) =(a ) (67)
b
= gV3epv3le  _ 63p=613 _ p2pe2 a:
[
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CLASSROOM Applying Rules for Rational Exponents
EXAMPLE 6

Write all radicals as exponentials, and then apply the rules for rational
exponents. Leave answers in exponential form. Assume that all
variables represent positive real numbers.

Solution:
4f. 3 3/4 15 3/4+1/5 15/20+4/20 19/20
¥ oRx =x""x =x""=x =x
5 5/2
X X 1-1/3
— = e =x" """
x I
- 1/3 2
3f.1e 16 (1/6)(1/3) 1/18
38/ =4/x :(.\‘ ) =x T=x

Conyright ©2012 2008 2004 Pearson Eduication I Slide 8.2- 15




Simplifying Radical Expressions

Objectives
1  Use the product rule for radicals.
2 | Use the quotient rule for radicals.
3 | Simplify radicals.
4  Simplify products and quotients of radicals with different indexes.
5  Use the Pythagorean theorem.

6 Use the distance formula.

PEARSON
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Use the product rule for radicals.

Product Rule for Radicals

If §a and /b are real numbers and n is a natural number, then

a-fe =,

That is, the product of two nth roots is the nth root of the product.

@ Use the product rule only when the radicals have the same index.
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Using the Product Rule
EXAMPLE 1

Multiply. Assume that all variables represent positive real numbers.

Solution:

Vi -7
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CLASSROOM

Using the Product Rule
EXAMPLE 2

Multiply. Assume that all variables represent positive real numbers.

Solution:

.37 =3h.7 =314
s -5 =6
§9y*x -5/8.\;1"‘ = 372"

ﬁ. 3 5 This expression cannot be simplified by using
the product rule.
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Use the quotient rule for radicals.

Quotient Rule for Radicals

If Vc_z and (/gare real numbers, b # 0, and n is a natural number,

then JE £
b

That is, the nth root of a quotient is the quotient of the nth roots.
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CLASSROOM

ing th ient Rul
EXAMPLE 3 Using the Quotient Rule

Simplify. Assume that all variables represent positive real numbers.

Solution:
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CLASSROOM | gimplifying Roots of Numbers

EXAMPLE 4
Simplify.
Solution:

32 =162 =162 =42
300 = 1003 =+100-4/3 =103
35 Cannot be simplified further.

u.

=272 =272 =332
a3 =33 =313
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Simplify radicals.

Conditions for a Simplified Radical

1. The radicand has no factor raised to a power greater than or equal
to the index.

2. The radicand has no fractions.
3. No denominator contains a radical.

4. Exponents in the radicand and the index of the radical have
greatest common factor 1.

@ Be careful with which factors belong outside the radical sign and which
belong inside.

Convright © 2012 2008 2004 Pearson Education I Slide 8.3-8

CLASSROOM

Simplifying Radicals Involving Variables
EXAMPLE 5

Simplify. Assume that all variables represent positive real numbers.

Sp"\/;

6y

Solution:

N25p" =5 () p

= —3_)‘:,\’::%).?
—3324°07 =-2"2.a"a b b =2ab2ab’
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ExampLE s | Simplifying Radicals by Using Smaller Indexes

Simplify. Assume that all variables represent positive real numbers.

Solution:

=

W
—_
—
I

-

S

R

)

o
~
=
1l
—
~
—
|
=

Simplify radicals.

If m is an integer, n and k are natural numbers, and all indicated roots
exist, then

iy a»‘an — am .
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EXAMPLE 7 Multiplying Radicals with Different Indexes
Simplify.
Solution:
-\/g . {/Z The indexes, 2 and 3, have a least common index of
6, use rational exponents to write each radical as a
sixth root.
1/2 3/6 _ 6/c3 -
=52 =57 =35 =125
1/3 216 _ 6f42
=4 =47 ={4* = {16
=125-316 =%2000
Copvright © 2012 2008 2004 Pearson Education L Slide 8.3- 12




Use the Pythagorean theorem.

Pythagorean Theorem

If c is the length of the longest side of a right triangle and a and b are
lengths of the shorter sides, then

Hypotenuse
a <
77900 ~
2= 52 + p2 |
c2=a?+Db? 1) b
The longest side is the hypotenuse, and the two shorter sides are

the legs, of the triangle. The hypotenuse is the side opposite the
right angle.

CLASSROOM Using the Pythagorean Theorem
EXAMPLE 8

Find the length of the unknown side of the triangle.

Conyright ©2012 2008 2004 Pearson Eduication I
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CLASSROOM Using the Pythagorean Theorem (cont'd)
EXAMPLE 8
Find the length of the unknown side of the triangle.
Solution:
c2=a2+Db?
62=42+p?
36 =16 + b?
20 =b?
N20 =b
Ji5=bh
4.5=b
\f_ J_ The length of the leg is 2-\EA
25=b
Slide 8.3- 15

CLASSROOM H ;
ing the Distance Formul
EXAMPLE 9 Using the Distance Formula

Find the distance between each pair of points.
(2,-1)and (5, 3)

Solution:

Designate which points are (x;, y;) and (X, Y,).
(%1, y1) = (2, =1) and (X, ¥,) = (5, 3)

Start with the x-

d=:(3) +(4) value and y-value
of the same point.

d=~9+16

d=+25=5

Conyright ©2012 2008 2004 Pearson Fducation 1nc
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Solution:
c2=a%+h?
c2=142+82
c2=196 + 64
c2 =260
c=+/260
c=+/4-65
¢ =465
¢ =2-/65 The length of the hypotenuse is 2+/65.
Convright © 201 008,2004_Pearson Education Loe Slide 8.3- 14
Use the distance formula.
Distance Formula
The distance between points (x4, y;) and (x,, y,) is
Copwright © 2012 2008 2004 _Pearson Education Ing, Slide 8.3- 16
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EXAMPLE 9 Using the Distance Formula (cont’d)
Find the distance between each pairs of points.
(-3, 2)and (0, -4)
Solution:
Designate which points are (x;, y;) and (X, ;).
(X1, ¥4) = (=3, 2) and (X3, y,) = (0, -4)
d=
d=yJ(0—(3))" +(—4-2)
d=4j(3)" +(-6)’
d=~9+36
d=+/45=3/5
Slide 8.3- 18




Adding and Subtracting Radical Expressions Simplify radical expressions involving addition and

— subtraction.
Objective

1  Simplify radical expressions involving addition and subtraction.

caunen» be combined. Expressions such as 3~J§+ 1\/3 or 5:f3 + 3\/5 cannot be

Only radical expressions with the same index and the same radicand may
<> simplified by combining terms.

PEARSON

Conyiioht ©2012 2008 2004 Pearson Education 1nG
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EXAMPLE 1 EXAMPLE 1

Add or subtract to simplify each radical expression. Add or subtract to simplify each radical expression.

Solution: Solution:

354745 ~(3+7)5 —1045 512y +6757, vy=0 =54 By +625- By

=523y +6-5\3¥
2IT-J1+3V48  =2J11-11+3V4 11

=103y +30.3y
=211 -111+3-2-411 —(10+30) 57
=(2-1+6)/11

=40,/3y

=711 ) )
9\/377 4 ,‘10 This expression can not be
simplified any further.
Coowright 0122008 2004 Pearson Education Lo Slide 8.4-3 Conuright @ 2012 2008 2004 Pearsan Education Inc. Slide 8.4-4
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Slnl;ltpllf);_radlcal expressions involving addition and EXAMPLE 2 Adding and Subtracting Radicals with Higher Indexes
subtraction.

Add or subtract to simplify the radical expression. Assume that all
variables represent positive real numbers.

Solution:

23162 -74f81.2
—2.232-7.332
432 -2132

=-2532
<> Do not confuse the product rule with combining like terms. The root of a sum “v N &=
Al

—23/32 -7/162

wien? does not equal the sum of the roots. For example ~fQ +16 = J§ /16

since f9+16 =+/25 =5, butf/9 ++16 =3+4=7.
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EXAMPLE 2 Adding and Subtracting Radicals with Higher Indexes (cont'd)

Add or subtract to simplify the radical expression. Assume that all
variables represent positive real numbers.

Solution:

Ip'a’ —fo4pg  =3p’a® pa-364-pq
= pa*3fpa -43pq
~(pa*-4)3/pa
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CLASSROOM

EXAMPLE 2 Adding and Subtracting Radicals with Higher Indexes (cont'd)

Add or subtract to simplify the radical expression. Assume that all
variables represent positive real numbers.

Solution:

631627 +44/2002° = 63/82° -2z +44100z*- 2
= 63/82° -2z + 441002* -2z
=6-22°32z +4.10222z
=122°32z +402* 2z

Convright ©2012 2008 2004 Pearson Education Ing Slide 8.4-8
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Adding and Subtracting Radicals with Fractions
EXAMPLE 3

Perform the indicated operations. Assume that all variables represent
positive real numbers.

Solution:

3J_ JF
2\/:? 5

W2\

l\)

I\J

I\J
[}

9
| W
ey

£

Il

+
W | W

I

S
w‘&

+

)
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EXAMPLE 3 Adding and Subtracting Radicals with Fractions (cont'd)

Perform the indicated operations. Assume that all variables represent
positive real numbers.

Solution:
_J165 NET
\/JT Jm
45 9
= >t —
yoo
N5 9 _4y'549
v )y )
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Multiplying and Dividing Radical Expressions

Objectives
1  Multiply radical expressions.
2  Rationalize denominators with one radical term.
3 | Rationalize denominators with binomials involving radicals.

4 Write radical quotients in lowest terms.

PEARSON

Conyiioht ©2012 2008 2004 Pearson Education 1nG

Multiply radical expressions.

We multiply binomial expressions involving radicals by using the FOIL
method from Section 5.4. Recall that this method refers to multiplying
the First terms, Outer terms, Inner terms, and Last terms of the
binomials.

Conyiioht ©2012 2008 2004 Pearson Education 1nG Slide 8.5-2

CLASSROOM
EXAMPLE 1

Multiply, using the FOIL method.

Multiplying Binomials Involving Radical Expressions

Solution: E o | L

(2+43)(1+45)  =2+25 + W3+ 15
(4+45)(4-V5) =16 - 45 +4y5 -5 =11

This is a difference of squares.
(Vi3-2) -(Vi5-2)(i5-2)
=13 — 2413 =213 + 4

=17-4413
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CLASSROOM
EXAMPLE 1

Multiply, using the FOIL method.

Multiplying Binomials Involving Radical Expressions (cont’'d)

(4+37)(4-37) =16 — 47+ &7 -7
=16-3/49

(o) (=) =) ()
r>0ands>0 R
Difference of squares

Conuright ©2012 2008 2004 Pearson Eduication I Slide 8.5-4

Rationalize denominators with one radical.

Rationalizing the Denominator

A common way of “standardizing” the form of a radical expression is
to have the denominator contain no radicals. The process of removing
radicals from a denominator so that the denominator contains only
rational numbers is called rationalizing the denominator. This is
done by multiplying y a form of 1.

Coovright © 2012 2008 2004 Pearson Fducation Inc Slide 8.5-5
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Rationalizing Denominators with re Root
EXAMPLE 2 ationalizing Denominators Square Roots

Rationalize each denominator.
Solution:

Multiply the numerator and denominator by the
denominator. This is in effect multiplying by 1.

5411 s

NTEN T 11

| tn
—

5430

5

o
iy

55

Convright © 2012 2008 2004 Pearson Fducation I Slide 8.5- 6
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EXAMPLE 2 Rationalizing Denominators with Square Roots (cont’d)

Rationalize the denominator.

Solution:
8 _ 848 88
Nt} 18- V18 I8
892
18
I
18
4
3
Conwright © 201 008,2004_Pearson Education loc, Slide 8.5- 7

CLASSROOM

Rationalizing Denominators in Roots of Fractions
EXAMPLE 3

Simplify the radical.

Solution:

2410

=— Product Rule
3.5

) 2410
=— Factor.

9.5 15

=— Product Rule

CLASSROOM

Rationalizing Denominators in Roots of Fractions (cont'd
EXAMPLE 3 9 cont'd)

Simplify the radical.

Solution:

:
Vo i}
102
AURVA
Copyright 0122008 2004 Pearson Education Lo Slide 8.5-9

35
24245
=———— Multiply by radical in denominator.
ENCING
Convright © 201 008,2004_Pearson Education Loe Slide 8.5-8
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EXAMPLE 4 Rationalizing Denominators with Cube and Fourth Roots
Simplify. 15 6v
J )
) ] el H—= v=0,w>0
Solution: 32 W
s if6)
15 4
A 3
_Als 61w°
234 "
52 B0 Bo
23432 2.3k 4
Copwright © 2012 2008 2004 _Pearson Education Ing, Slide 8.5- 10

Rationalize denominators with binomials involving
radicals.

To rationalize a denominator that contains a binomial expression (one
that contains exactly two terms) involving radicals, such as

3
1++2
we must use conjugates. The conjugate of 1+ \/5 is l—-\E‘
In general, x + y and x - y are conjugates.

Conyright ©2012 2008 2004 Pearson Fducation 1nc Slide 8.5- 11

Rationalize denominators with binomials involving
radicals.

Rationalizing a Binomial Denominator

Whenever a radical expression has a sum or difference with square
root radicals in the denominator, rationalize the denominator by
multiplying both the numerator and denominator by the conjugate of
the denominator.

Conyright ©2012 2008 2004 Pearson Fducation Inc Slide 8.5- 12




CLASSROOM
EXAMPLE 5

Rationalizing Binomial Denominators

Rationalize the denominator.

Solution:
4

3]
|
B

4(2+J§)

2-+3(2+453)
4(2+43)

.
4(24-\/3;)

1
—4(2++3), or 8+ 43

Conyiioht ©2012 2008 2004 Pearson Education 1nG Slide 8.5-13

CLASSROOM

Rationalizing Binomial Denominators (cont'd)
EXAMPLE 5

Rationalize the denominator.

Solution:

7 i)

A AT )
7(v2-13)
BFEE
7(v2-+13)

11
(V2 +3)

11
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EXAMPLE 5

Rationalizing Binomial Denominators (cont'd)

Rationalize the denominator.

Solution:

NEENG

V35 V2T

V241

RN AN
J5+ 2]+\/]70+J375

2-7
7\/5+ 21+J]T)+Jf
- -5
(46 +421 + 10 +435)
- 5
Copyright Q1 0082004 Pear<on Education Loy Slide 8.5- 15

CLASSROOM

Rationalizing Binomial Denominators (cont'd)
EXAMPLE 5

Solution:
2 2Nk V)
Yo T B )

k#z,k>0,z>0

2(F - )

k—z
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CLASSROOM
EXAMPLE 6

Writing Radical Quotients in Lowest Terms

Write the quotient in lowest terms.

Solution:

24-3647 12(2 _S‘ﬁ) Factor the numerator
= and denominator.

16 16
74 3(2_3\/7) Divide out common
- 14 factors.
3(-T) 6ot
4 4

@ Be careful to factor before writing a quotient in lowest terms.
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CLASSROOM
EXAMPLE 6

Write the quotient in lowest terms.

Writing Radical Quotients in Lowest Terms (cont’d)

Solution:

_2x+ 4_\*\/5
N 6x
) 2x(1+ 22)

6x

2x(1+2\/5)

2-3x

1+242

2
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Product rule

Factor the numerator.

Divide out common
factors.




Solving Equations with Radicals

Objectives
1 Solve radical equations by using the power rule.
2 | Solve radical equations that require additional steps.
3 | Solve radical equations with indexes greater than 2.

4 Use the power rule to solve a formula for a specified variable.

PEARSON

Conyiioht ©2012 2008 2004 Pearson Education 1nG

Solve radical equations by using the power rule.

Power Rule for Solving an Equation with Radicals

If both sides of an equation are raised to the same power, all
solutions of the original equation are also solutions of the new
equation.

The power rule does not say that all solutions of the new
equation are solutions of the original equation. They may or
may not be. Solutions that do not satisfy the original equation are
called extraneous solutions. They must be rejected.

equation must be checked in the original equation.

@ When the power rule is used to solve an equation, every solution of the new

Convright © 2012 2008 2004 Pearson Education I Slide 8.6- 2

CLASSROOM

Using the Power Rule
EXAMPLE 1

Solve /5x+1=4.

Solution: Check:
( Dr+l) =4 Jsx+1=4
Sx+1=16 5:3+1=4
5x=15 Ji6=4
x=3 4=4

Since 3 satisfies the original equation, the solution set is {3}.
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Solve radical equations by using the power rule.

Solving an Equation with Radicals

Step 1 Isolate the radical. Make sure that one radical term is alone
on one side of the equation.

Step 2 Apply the power rule. Raise each side of the equation to a
power that is the same as the index of the radical.

Step 3 Solve the resulting equation; if it still contains a radical,
repeat Steps 1 and 2.

Step 4 Check all proposed solutions in the original equation.
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CLASSROOM
EXAMPLE 2

Solve 4/5x+3+2=0.

Using the Power Rule

Solution:

The equation has no solution, because the square root of a real
number must be nonnegative.

The solution set is &.
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Objective 2

Solve radical equations that
require additional steps.

Conyright ©2012 2008 2004 Pearson Fducation Inc Slide 8.6- 6




CLASSROOM Using the Power Rule (Squaring a Binomial)
EXAMPLE 3

Solve /3 —x = x+1.

Solution:

Step 1 The radical is alone on the left side of the equation.
Step 2 Square both sides. (\/57_\’)7 = (A‘+ 1):
S—x=x"+2x+1
Step 3 The new equation is quadratic, so get 0 on one side.
0=x"+3x-4
0=(x+4)(x-1)
x+4=0 or x-1=0

x=-4 or x=1

Slide 8.6-7
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CLASSROOM - y5ing the Power Rule (Squaring a Binomial)
EXAMPLE 4

Solve f1-2x—x" =x+1.
Solution:

Step 1 The radical is alone on the left side of the equation.

Step 2 Square both sides. (\h —2x—x ): = (x—l 1)5

1-2x—x"=x"+2x+1
Step 3 The new equation is quadratic, so get 0 on one side.
0=2x" +4x
0=2x(x+2)

2x=0 or x+2=0
x=0 or x=-2
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CLASSROOM . : - ‘
EXAMPLE 3 Using the Power Rule (Squaring a Binomial) (cont’d)

Step 4 Check each proposed solution in the original equation.

x=—4 or x=

VMi—x=x+1 Vi-x=x+1
- =(-4)+1 - =m+1
Jo=23 Va=2
3#-3 2=2
False True

The solution set is {1}. The other proposed solution, —4, is extraneous.
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CLASSROOM . i - . )
EXAMPLE 4 Using the Power Rule (Squaring a Binomial) (cont’d)

Step 4 Check each proposed solution in the original equation.

x=0 or x=-2

1-2x—-x" =x+1 JI-2x-x =x+1

\1-2(0)-0° =0+1
= =1

1=

True False

1-2(=2)-(=2)* =-2+1

The solution set of the original equation is {0}.

Slide 8.6- 10
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CLASSROOM i i i
EXAMPLE 5 Using the Power Rule (Squaring Twice)

Solve 2x+3 +/x+1=1.

Solution:
V2x+3=1-x+1
(~f2x+3): =(l—~fx+1): Square both sides.
2x+3=1-2x+1+(x+1)

Isolate the remaining
f1=-2+/x :
x+1 2x+1 radical.

(x+ 1)2 = (—2\/x+l): Square both sides.
#2012 (-2)F (JRrT) AgRl i exponert

X+ 2x4+1=4(x+1)
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CLASSROOM ; ; : ,
EXAMPLE 5 Using the Power Rule (Squaring Twice) (cont’'d)

¥+ 2x+1=4(x+1) Check: x =3

J2(3)+3+43+1=1

X +2x+1=4dx+4

¥ -2x-3=0 J6T3 a1
(x=3)x+1)=0 \/§+ﬁ:1
x-3=0 or x+1=0 3+2=1
x=3 or x=-1 521
Check: x=-1 False

N ETEs e v
wﬁ + \/6 =1 The solution set is {-1}.

True 1=1
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Objective 3

Solve radical equations with
indexes greater than 2.

Slide 8.6-13

Conyrigl hi.© 2012 2008, 2004 Pearson Education loc,

Objective 4

Use the power rule to solve a
formula for a specified variable.
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CLASSROOM
EXAMPLE 6
Solve 3f/2x+7 =3f3x—-2.
Solution:

Check:
209 +7 = 339)- 2

Using the Power Rule for a Power Greater Than 2

Cube both sides.

(\3/2x+7)3 :(i/sxfz)s
2x+T7=3x-2

9=x

Y18+7=327-2
{/E =3/25 True

The solution set is {9}.
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CLASSROOM | gying a Formula from Electronics for a Variable
EXAMPLE 7

Solve the formula for R.

Solution: 7= JE
T

TZ*=RorR=TZ’
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Complex Numbers

Objectives
1  Simplify numbers of the form «/j‘), where b > 0.
2 | Recognize subsets of the complex numbers.
3 | Add and subtract complex numbers.
4 Multiply complex numbers.
5  Divide complex numbers.

6 Find powers of i.

PEARSON

Conyiioht ©2012 2008 2004 Pearson Education 1nG

Simplify numbers of the form~/—&4, where b > 0.

Imaginary Unit i
The imaginary unit i is defined as
i=~/-1, where 7 =-1.

That is, i is the principal square root of —1.
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Simplify numbers of the form~/—b, where b > 0.

J-b

For any positive real number b, «f—b = r'\/b_.

we usually write \f3; as i, as in the definition of N

<> Itis easy to mistake /2; for 31 with the i under the radical. For this reason,
CaumioN

CLASSROOM

EXAMPLE 1 Simplifying Square Roots of Negative Numbers

Write each number as a product of a real number and i.

Solution:

V-7 =T
“4 =i =il =201
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CLASSROOM inlvi B
Multiplyin reR fN Number
EXAMPLE 2 ultiplying Square Roots of Negative Numbers
Multiply. Solution:

V-16-4-25 =i\f16-i/25 V-8-J-6  =if8-if6
—i-4.i-5 3.6
=204 NI
=20(-1) _2Ji63
=-20 :74\/5

V=645 =i6-i5 V5T =T
=265 =i35
= (1130
=30
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CLASSROOM
EXAMPLE 3

Divide.

Dividing Square Roots of Negative Numbers

Solution:

-80 if80 40

8
<o

N
5
5]
=B

I

2

Q N

I

=S
o

Il
=~
Il
o
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Recognize subsets of the complex numbers.

For a complex number a + bi, if b = 0, then a + bi = a, which is a real
number. In which case ais real part and b is imaginary part.

Thus, the set of real numbers is a subset of the set of complex
numbers.

Ifa=0andb # 0, the complex number is said to be a pure
imaginary number.

For example, 3i is a pure imaginary number. A number such as 7 + 2i
is a nonreal complex number.

A complex number written in the form a + bi is in standard form.
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Recognize subsets of the complex numbers.

The relationships among the various sets of numbers.

CLASSROOM
EXAMPLE 4

Add.

Adding Complex Numbers

Solution:
(~1-8i)+(9-3i) =(-1+9)+(-8-23)i
=8-1l

(=3+20)+(1-3)+(-7-5i)
=[-3+1+(=D]+[2+(-3)+(-D)]i
=-9-6i
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Nonreal
complex
Complex
numbers r
a+bi, | Irrational
a and b real numbers
Integers
| Rational | .
numbers —
I | Non-
integers
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CLASSROOM Subtracting Complex Numbers
EXAMPLE 5
Subtract.
Solution:
(—1420)—(4+1) =(-1-H+Q-1)i =-5+i

(8-351)-(12-3i) =(8-12)+[-5-(-3)])i
=(8—12)+(-5+3)i
=4-2i

(10 +6/)— (~10+10i) =[-10—(=10)]+ (6 —10)i
—0-4i -4
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CE'-Q/_\SSEPSQ" Multiplying Complex Numbers
Multiply.
Solution:
6i(4+3i) =6i(4)+6i(3i)
=24i +18i*
=24i+18(-1)
=-18+24i
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Cé—?j\fs&og" Multiplying Complex Numbers (cont'd)
Multiply.
Solution:
(6—4i)(2+4i) =6(2)+6(4i)+(—4)(2) + (—4i)(4i)
— —_—— ———
First Outer Inner Last
=12+24i-8i 167
=12+16i —16(-1)
=12+16i+16
=28+16i




CLASSROOM Multiplying Complex Numbers (cont'd)

EXAMPLE 6
Multiply.
Solution:
(G+20)(3+41)  =3(3)+3(41) + (2)(3) + (2)(41)
_— e e S —
First QOuter Inner Last
=9+12i+6i +8&°

=9+18i+8(-1)
=9+18i-8
=1+18i

Conyiioht ©2012 2008 2004 Pearson Education 1nG
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Multiply complex numbers.

The product of a complex number and its conjugate is always a
real number.

(a + bi)(a — bi) = a2 — b?(-1)
= a2+ h?
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CLASSROOM

Dividing Complex Numbers
EXAMPLE 7

Find the quotient.
Solution:

23-i _(23-)(3+1i)

-7 T G-)3+)
69+23i-3i+1
N 37 +1
70+ 20i
10
10(7+21)

10 =T+2i
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CLASSROOM
EXAMPLE 7

Find the quotient.

Dividing Complex Numbers (cont'd)

Solution:
5-i ~(3=i)(=1)
i i)

_=Si+it

5

—1
C=5i+(=1)
)
51
1
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Find powers of i.

Because i2 = —1, we can find greater powers of i, as shown below.

=i i2=(-1)-(-1)= 1

iB=i2-i¢= (1) (1)= -1

7 =it it = () ()= -
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CLASSROOM i ity i
EXAMPLE 8 Simplifying Powers of i
Find each power of i.
Solution:
= =() =1"=1
i19 = jlﬁ .f’ =
i79 :l _ —_—
7
R I
i (=)
L1
i T = =-1
7
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