Examples 1 - 9 (L'Hopital’s Rule)
Problems & Solutions

Example 1
Z+x—12
Evaluate the limit lim % using
x—3 xc—9

(a) algebraic manipulation (factor and cancel)

Solution

x> H+x—12 . (x=3)(x+4) . x+4 7
m ———— 7 7 = 1lim =
-3 x2-9 -3 (x—=3)(x+3) x=3x+3 6

(b) L'Hopital’s Rule

Solution

Since direct substitution gives 8 we can use L'Hopital’s Rule to give

lim X2+ x—12 Hopo 20417
x—3 x2 -9 _x—>3 2x _6

Example 2

sin 3x
Evaluate the limit lim

usin
x—0 tan4x 5

o oo sinx . . .
(a) the basic trigonometric limit hn’(l) —~ = 1 together with appropriate changes of variables
X—
Solution
Write the limit as

. sin3x . sin3x . xcos4dx
lim = [ lim Iim —
x—0 tan4x x—0 X x—0 sin4x

In the first limit let # = 3x and in the second let v = 4x. Then the limit is
. sin3x . 3sinu . UCOSU
lim = ( lim lim »
r—0 tan4x u—0 U v—0 4sinv

3 (4. sinu . % . 3
by lim Iim —— lim cosv | = 1
u—0 u v—0 SIN T v—0

(b) L'Hopital’s Rule

Solution
Since direct substitution gives % we can use L'Hopital’s Rule to give
sin3x g .. 3cos3x

3
m ——=1m —— = =
x—0 tandx  x—0 4sec24x 4
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Example 3
Evaluate the limit lim (x — %) tan x using L’'Hopital’s Rule.
x—7
Solution
Write the limit as -
x p———
lim (x—%)tanx = lim 2
x—z x—Z cotx
Then direct substitution gives % so we can use L’'Hopital’s Rule to give
lim (x — §)tanx Hijpm 1
=z 2 -2 (—csc?x)
Example 4
V2 —x—
Evaluate the limit lirr} # using L'Hopital’s Rule.
x— —
Solution
Since direct substitution gives % use L'Hopital’s Rule to give
1 1
. V2-X—XH.. 2—x 3
lim ——— =1lim ————— = —
x—1 x—1 x—1 1 2

Note that this result can also be obtained by rationalizing the numerator by multiplying top and bottom by
the root conjugate v/2 — x + x.

Example 5

Evaluate the limit lim 5
x—0 X

X using L'Hopital’s Rule.

Solution

Since direct substitution gives % use L'Hopital’s Rule to give

. 1l—cosx g, sinx
lim —— = lim
x—0 X x—0 2x

Again direct substitution gives % so use L'Hopital’s Rule a second time to give

. 1l—cosx H, cosx 1
lim — = lim =
x—0 X x—0 2 2
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Example 6

Evaluate the limits at infinity
e
@ Jin,

Solution
Direct “substitution” gives % so we can use L'Hopital’s Rule to give

X X
e .
lim — = lim — =o0
xX—oo X X—00 1
: 2 ,—x
(b) lim x“e
X—0
Solution
Write the limit as )
. — . X
lim x%¢* = lim —
X—00 x—oo eX
Then direct “substitution” gives £ so we can use L'Hopital’s Rule to give
. +H . 2xHg, 2
lim x%* = lim == = lim — =0
X—00 x—oo eX x—oo eX

(© lim (\/x2+x+1—x)

Solution
Direct “substitution” gives the indeterminate form co — co. Write the limit as

1 1
|
1 1 X X
lim (\/xz—l—x—l—l—x):limx Ji+-+——1] = lim
X500 x—00 x  x? x—00 1

Now direct “substitution” gives % so we can use L’'Hopital’s Rule to give

1111*1/2 1 2
AR 23

lim (\/x2+x+1—x> A im

X—00 X—00 _l
x2
. 1+7 1
= Jim, 1 1N127 2
2 (1 + -+ 2>
X x
Example 7
. In(x=2) o
Evaluate the limit lim ————= using L’'Hopital’s Rule.
x—2+ In(x2 —4)
Solution
Direct substitution gives & so we can use L'Hopital’s Rule
1
) In(x—2) w | x—2 ) x> —4 ) x* —4
lim ———~% =1 = lim —— = —
™ (x2—4) oot 2x s 2x(x —2) i 242 — 4x
x2—4
H .. 2x
= lim =

x—2+ 4x — 4
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Example 8
Evaluate the limit lim (Inx — x) using L'Hopital’s Rule.
X—00

Solution
Direct “substitution” gives the indeterminate form oo — co. Write the limit as

: T —x
Jlim (Inx — x) xlgrgoln(xe )

Then, as in Example 6 (a) and (b),

. _ . xH, 1
Iim x¢e* = lim = = lim = =0
X—00 x—oo X x—oo X
Now let u = xe™*, then x — c0 = u — 01. Hence
lim (Inx —x) = lim Inu= —co
X—00 u—0t

Example 9
Evaluate the limit lim (sinx) vx using L'Hopital’s Rule.

x—0
Solution
Direct substitution gives the indeterminate form 09, First find the natural logarithm of the limit, as
In (sin x)

In < lim (sinx)ﬁ> = lim /xIn(sinx) = lim

x—0+ x—0+t x—0+t 1

NE:

Now direct substitution gives &, so we can use L'Hopital’s Rule

Cos X
. In(sinx) g .. i
lim In (sinx) = lim 30X
=0t 1 x—0+ (_%) x—3/2

Vx
3/2

—2 lim xcosx:_2<hm \/Ecosx) <lim o )zO

x—0+  sinx x—0+ x—0+ sinx

since
lim /xcosx =0

x—07T

and we can use L'Hopital’s Rule on the second limit to give

. X H .. 1
lim — = lim =1
x—0t+t SINX x—0t COSX
Hence
In ( lim (sin x)\/E> =0
x—0t
so that

lim (sinx)ﬁ =l =1
x—0+



7.7 Indeterminate Forms and L'Hospital's Rule

SECTION 7.7 INDETERMINATE FORMS AND L'HOSPITAL'S RULE

B Click here for answers.

1-45 i Find the limit. Use I’ Hospital’s Rule where appropriate. If
there is amore elementary method, use it. If I'Hospital’s Rule

doesn’t apply, explain why.

1. lim—;
=2 X°— 4

im COS X
" x—3m2 X — (37/2)

3 3
1. |imM
x—a X —a
3
13, tim 10

X—> X

_ tanax
15. lim—%
x—0 X

17, lim ninx

X— \5(

-1
x—0 3x

. sinmx
21. lim—
x—0 SN NX

20.

22. i

. lim

. lim

x—1 x—1

tan x
x—0 X + Sin X

. lim

X + tan x
x—0  SiNX

tan X

X— X

-2

t—16 t — 16

6% — 2%

x—0 X

im sin®x
x—0 tan(x?)

In(1+ e
(1 + €9
x—o 5x
lim—F—
x—0 sin~Y(3x)
sin'%x

m-———yj57
x—0 sin(x™)

X2+ 3x — 4

B Click here for solutions.

. X+ sn3x e -1
23. Im———— 24. lim
x—0 X — Sin 3X x—0  COS X
. tanx — sinx . X+ tan2x
25. lim————— 26. lim————
x—0 X x—0 X — tan 2x
tan 2x 2x — sin"x
27. lim 28. lm ————
x—0 tanh 3x x—0 2X + €c0S X
. 2x—sin X .
29. lim ——— 30. lim xe*

x—0 2X + tan~x

X—> —00

31 lime™Inx 32. Izrpz)fse(:?xcosSx
33. Iirélﬁsecx 34. lim (x — ) cot x
35. lim (x — Dtan(wx/2 36. i R

- lim (x an(mx/2) UL il

3. lim (x — % = 1)
38. lim (Ve+x+1-x2—x)

. 1 1
3. Jim (x e — 1)

x3 x3
40. lim -
xLx<x2—1 x2+1)

1 X

41. lim (sin x)™* 42. lim 1+2>
x—0F X—>® X

1\

43. Iir(r)l(cotxs"”x 44. lim 1+X>

45, Iirpﬁ(—ln X)*
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fAinswers
Clich here for exercises. I Click here for solutions.
1
1. 4_1 2.5
"2 "9
5.1 6.2
7. 0o 8.0
1
9.1 10 5
1
”. m ]2.11’13
13. 0 14.0
15. « 16. 1
1
17. 0 18. —
%5
19, 2 20. 1
"3 "3
a7 22.1
n
23. —2 24.0
1
25. 3 26. —3
2
27. § 28.0
1
29. — . 0
3 30
3
3.0 32.?
33.0 34.1
2
35, —— 36. oo
™
37. 0 38.1
39.0 40.0
.1 42.1
43. 1 44. co

45. 1



Solufions

SECTION 7.7 INDETERMINATE FORMS AND L'HOSPITAL'S RULE

3

Clich here for exercises.

The use of I'Hospital’s Rule is indicated by an H above the equal sign: 2,

L L r—2 I r—2 i 1 1
. lim = lim =lim —— =~
e=222 —4  2-2(x—2)(x+2) 22242 4
2
2. lim 22272 +3r—4 = lim @-D@+4)
z—1 x—1 x—1 r—1
E lirr{ (x+4)=5
s 1 -1y . 62° —6 3
lim — = lim — = — ==
zo-1724 —1 z——1 43 —4 2
Ll tanz u ., sec? x - 1 71
'xli%ersinxixlE% 1+cosz 14+1 2
5o tim & gy, Ly
z—0 sinx z—0 COST 1
2 2
6. hmer.tanxghm 1+ sec”x _ 1+1 )
z—0 sinx z—0 COST 1
. sinxz g ,. cosx
I e
t t 0 .
8. lim =% 20T 2 L Hospital’s Rule does not
T —T X s i

apply because the denominator doesn’t approach 0.

cosr H .. —sinz 3

9. 1li - = 1 — —§in3% —1
xﬁlzgrl/z x —3m/2 xﬁl:grl/z 1 St
10. lim %_Q*Iim Vi-2
Tt516 t— 16 t—16 (\/i +4) (\/i —4)
= lim Vi-2
P VD) (V) (V-9
= lim 1
=16 (Vi +4) (VE+2)
_ 1 _ 1
T A+4)(2+2) 32
oY —adB oy (1/3)%72/3 1
- 9113%1 r—a 7}1331 1 " 3q2/3
12. Tim 6° —2 oy 6° (In6) — 2% (In2)
z—0 xX x—0 1
:1n6—1n2:1ng =In3
3 2 2
3. lim (Inx) o 3(Inz)” (1/x) ~ lim 3(Inzx)
T — 00 ,Z'Q T — 00 €T T — 00 2'1'2
R, 6 (Inz) (1/x) ~ lim 3lnz
z—00 4z z—oo 2T
H . 3/x . 3
S T =
14. lin% Slerlx = g = 0. L’Hospital’s Rule does not apply.
tanox u .. asec’ax
15. lim im =«

z—0 x z—0 1

I Click here for answers.

. sinz § .. 2sinzcosz
16. lim 5y — lim CRP)
=0 tan (z?) <=0 2xsec? (z?)
. sinx . Ccos T
= lim lim =1-1=1

z—0 x x—0 S€C2 ($2)
17. lim Inlnz n im 1/(:£1n:£) = lim 2
1+e") n lim e’/ (1+€")
X

18 lim 2

T —00 T — 00 5

I e’ o e’ 1
= m — = lim — — —

tan ' (22) 1 . 2/(1+42*) 2

19. 1i = =
xlzf(l) X x—0 3 3
x 1
20. lin% - 1 lin%i
c=0sin~! (3x) =— 3/ 1— (32)?
.1 1
= lim -v/1—-922 = =
x—0 3 3
. sinmx w .. mcosmxr m
21. lim — = lim — -
z—0 siInnNT  =—0 M COSNT n
sint®z u .. 10sin’ zcosx
22. lim

o —0 sin (x10) 220 1029 cos (219)

. 9
. sinx . Ccos T
= [lim lim —
x—0 X x—0 COS (z )

=1%-1=1

2. 1i x+sin3x§1, 1+3cos3z  1+3
"0z —sin3z  oo01—3cos3r 1-3
et* —1

. 0
24. lim ==
z—0 COST 1

T

-2

=0

tan x — sin

. H .. sec’T —cosx
25. lim 3 = lim 5
x—0 X x—0 3z

2sec’ rtanz | sinx

2 im
71*»0 61’
H .. 4secztan®z + 2sect x + cosx
= lim

x—0 6
~0+241 1

6 2

2%. 1i T+ tan2x g i 1+ 2sec? 2z
e lim ——— = lim ———
z—0x —tan2x 201 — 2sec?2x

12’
C1-2(1)*

97, Lim tan2x u lim 2sec? 2z 72
‘z-0tanh3xz z—03sech?3z 3

2. lim 2z —sin"'x  2(0) -0
Te-02x+cos~lax 2(0)+ m/2

does not apply.

= 0. L’Hospital’s Rule



4 SECTION 7.7 INDETERMINATE FORMS AND L'HOSPITAL'S RULE

29.

30.

3.

32.

33.

34.

35.

36.

37.

38.

39.

2—-1//1—22

22 — sin ! H

T
li li
it 2z +tan lx 113%2+ 1/ (1 + 2?)
_2-1 1
241 3
. . r " . 1
lim ze® = lim = lim
T — —00 z——oco €~ % z——00 —e T
= lim —e” =
lim e “Ilnx = lim Inz B tim 1/
T —00 r—oo €% r—oo €%
= lim =
xr—o00 Tret
. . cos 3x
lim sec7xcos3x = lim
@ (n/2)" @—(n/2)~ COSTT
H . —3sin3z  3(-1) 3
— lim - — — —
eo(n/2)- —Tsin7z  7(-1) 7
lim \/:Esecx:0~1:0
x—0
lim (z — 7)cotz = lim =T 8 i
P z—m tanx  =—w sec?x
1
— s =1
(-1
lim (2 —1)tan (r2/2) = lm —>
T — T = _
xir{l+ an xf{h cot (mz/2)
Hog 1 2
= lim —— = ——
e—1t —csc? (mx/2) § ™

2

1 1 1 o 1—a°
21:% x x2 711% x -
lim (x— x2—1)
. T4+ vVx2 -1
= lim (x— 2—1)
x —00 T+ /$2—1
. xQ—(xQ—l)
= lim
T —00 $+*/{£2—1
1

lim (\/x2+x+1—\/x2—x)

T — 00

Va2 tax+1+Va? —x

= lim (\/x2+x+1—\/x2—x)

(x2+x+1)—(x2—x)

= lim
R A I BV
I 2 + 1
= 1l1m
e=00 /22 ot 1 Ve —x
. 2+ 1/x
= lim
eoo0 1+ 1/x+1/22 +/1— 1/
1+1

. 1 1 .1 . 1
lim [ — — = lim — — lim
r—o0 \ T er — 1 T —00 I z—o00 €2 — 1

both limits exist) =0—-0=0

Va2t +1+Va? —x

20. i i v
e 22 -1 z241
22 (2 +1) —23 (22 -1
L B@i) -
z—00 (x2 —1) (z2+1)
2z° 2/x
— 1 — lim 2%
=0
4. y = (sinz)"™* = Iny = tanxln (sinz), so
lim Iny = lim tanzln(sinz) = lim In (sin z)
z—0+t z—0 z—0t cotx
o (cosx) /;mx
c—0t —csciw
= lim (—sinzcosz) =0 =
x—0
lim (sinx)"™"® = lim ™Y =¢ =1.
x—0 z—0+
1\~ 1
4. Lety = (1+— ) . Thenlhy =zIn(1+— =
T T
In 1+i
lim Iny — lim 2l (14 %) = lim —— 2/
oo YT U T 2) e 1/
A/
Ho 3 2
~ lim —2E
so lim (1+1/2%)" = lim e™¥ =€’ =1.
8.y = (cotz)™* = Iny=sinzhn(cotz) =
2
—cs t
lim Iny = lim In (cot 2) (cot 2) B im —( e x)/co x
z—0 z—0t CSCX z—0t —cscxrcotx
~ lim csc2x _ sinz
z—0t cot?x  z0+ cos?x
so lim (cotz)™™® = lim e™¥ =¢e® =1.
x—0 z—01
M. Lety = (1+1/2)". Thenlny = 2?In(1+1/z) =
o (1) /0 1)
= lim
z — 00 —2/1’3
= lim = —00 =
lim (14 1/2)" = lim ™Y = co,
45. y = (—Inz)" = hy=zln(—Inz),so

In(—Inx)

Ay = B e Che = I T
w o (1 —Ina) (<1/a)
z—0T —1/1'2
= lim — =0 =
z—0t Inx



