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Limits
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Figure 2.2 (a)
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Table 2.1

Time Average
velocity

interval
1,2] 48 ft/s
1, 1.5] 56 ft/s
[, 1.1] 62.4 ft/s

— — — — — —

1, 1.0001]

1. 1.01] 63.84 /s
1, 1.001] 63.984 ft/s
63.9984 ft/s
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Position of rock
ol varsous times
2} — sl 128 — 80 o
128 ft— @ = 2 sec V= Ta = S = 48 fi/s
1.5 = s l) 108 — 80 S5 i
08 fi— & 1= L3sec| o LT T TH T 56 fifs
Al = sl 86,24 — 80 & ”
8624 fl= or=Llsec| |~ o S e T 01 624 s
B i = P G i AN X
il @ = | sec v =64 fifs

i

As these intervals shrink....

... the average velocities approach 64 fu/s

rock thrown an 96 fifs)

the instantaneous velocity atr = |
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Figure 2.6 (1 of 3)
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Figure 2.6 (2 of 3)
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Figure 2.6 (3 of 3)
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2.2

Definitions of Limits
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DEFINITION Limit of a Function (Preli

ary)

S\||}|m\c the function f is defined for all x near a except possibly ata. If f{x) is

10, we wrile

lim f{x) = L
v—+a

and say the limit of f{x) as v approaches a equals L.

ALWATE LEAENING

Copyright © 2013 Pearson Education, Inc.

bitrarily close to L (as close o L as we like) for all v sufficiently close (but not equal)
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Figure 2.7
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Figure 2.8
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Figure 2.9

= fix)

- fix) approsches 3.
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Figure 2.10

As v approaches
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Table 2.2
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DEFINITION One-Sided Limits
1. Right-sided limit Suppose [ is defined for all x near g with v = a. If f{x) is

arbitrarily close o L for all x sufficiently close to a with ¥ = a, we write

lim_f{x) = L

and say the limit of f(x) as v approaches a from the right equals L.

Left-sided li
arbitr

5]

Suppose [ is defined for all x near a with v < a. If f{x) is
arily close to L for all v sufficiently close to g with ¥ < a, we wrile

lim flx) = L

and say the limit of f{x) as x approaches a from the left equals L.
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Figure 2.11 (a & b)
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Figure 2.12 (a & b)
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THEOREM 2.1 Relationship Between One-Sided and Two-sided Li
Assume f is defined for all x near ¢ except possibly at a. Then lim f(x) = Lif
=g

and only if lim_f{x) = Land lim f{x) = L.
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Figure 2.13

Ll o

V= plx)
2l
1 —
I I L
T Y T T T T T
L 2 4 v

PEARSON 25

Copyright © 2013 Pearson Education, Inc.

x

0.001
0.0001
0.00001
0.000001
0.0000001
0.00000001
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Table 2.4

We might incorrectly
conclude that cos (1 /x)
approaches —1 as x
approaches () from the

/ right.

cos (1/x)

0.56238
~0.95216
—0.99936

0.93675
—0.90727
—0.36338
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Figure 14

The values of cos { 1/x) oscillate between — 1

and 1, over shorter and she

ot intervals, as

v approaches O from the right
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[\ y = cos(15) /
1 t t +
1 1 ) J
[TA L v = e
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2.3

Techniques for Computing Limits
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Figure 2.15

Ta. flal)
i fler) =

fix approaches fia)

fix) ==

A
from

lim fix) = fia) because fia) = fla) us x == a from both s
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THEOREM 2.2 Limits of Li
Let a, b, and mr be real numbers,

For linear functions f{x) = mx + b,

lim flx) = fla) = ma + b.
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THEOREM 2.3 Limit Laws

Assume lim f{x) and lim g{x) exist. The following properties hold, where ¢ is a

real number. and m > O and # > 0 are integers.

L Sum lim [f(x) + g(x)] = lim f{x) + lim g(x)

2. Difference lim :f(\l = _'Jl'l_l_. = lim f{x) — lim g{x)

3

ple lim [of{x)] = ¢ lim f(x)

4. Product lin

[fixde(x)] = [tim fx)][ im g(x)]

o lim f(x)

5. Quotient lim - provided lim g(x

2(x) | " lim glx)
6. Power lim [f(v)] im f{x)]"

7. Fractional power lim | f{x) /""" = [1im flx)]" ", provided f{x) = 0, for
x near a, if m is even and o /m is educed o lowest terms
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THEOREM 2.4  Limits of Polynomial and Rational Functions
Assume p and g are polynomials and « is a constant.
a. Polynomial functions:  lim p{x) = pla)
vt
. ) ) ) pla) X
b. Rational functions: lim = . provided gla) = 0
v—a gf{x) qla)
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THEOREM 2.3 (CONTINUED) Limit Laws for € sided Limits
Laws |-6 hold with lim replaced by lim_or lim . Law 7 is modified as follows.
v v

Assume m = O and i = 0 are integers.

7. Fracti

al power

provided f{x) = 0. for x near a with.x = a.if

A lim [f(x)]7m = | lim _I{'?]
e Lo mis even and 1/ m is reduced 1o lowest terms

provided f{x) = 0, for x near a with v < a. if

b. lim [f{x)]
iz mis even and i /o is reduced to lowest enms

= [I|"_1”' .:[1:]'
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Figure 2.16

¥

lim fix)=2

. t } }
1 X
lim fix) =0
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lim fix) # fla)

fla) =+ .

i fix) exists, but fla) is undelined

fix)
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Figure 2.18
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Figure 2.19

flx) = glx) = hix)

v = rix)

v = glx)

e

\ ¥y =Jix)

o ‘ v
Asy=g hix)=Land flx)= L.
Therefore, gix) = L.
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THEOREM 2.5 The Squeeze Theorem
Assume the functions f

and h satisfy flx) = glx) = f(x) for all values of x
near a, except possibly at a. If lim f{x) = Hm &{x) = L, then lim )
— ¥—*u
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Figure 2.20
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o] |
y = x"sin—
X

Figure 2.21
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2 L} I
Infinite Limits
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Table 2.5
x fix) = 1/x?
+0.1 100
+0.01 10,000
£0.001 1.000,000
l l
(1] 0
lim ! -
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Table 2.6

x flx) = 1/+?
10 0.01
100 0.0001
1000 0.000001

l l

e 0

_|||||_ E M 0 lim _| 0
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Figure 2.22

Infinite limit

A L ]

Limit at infinity

Limit at infinity
Vo Mok v
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Figure 2.23 (a)

fix) large
and positive

~
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e

x approaches a
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Figure 2.23 (b)
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DEFINITION Infinite Lim

Suppose [ is defined for all ¥ near a. If f{x) grows arbitranily large for all x suffi-
ciently close (but not equal) to a (Figure 2.234), we write

lim flx) =
Y=
‘We say the limit of f{x) as v approaches  is infinity.

I f{x) is negative and grows arbitrarily large in magnitude for all v sufficiently
close (but not equal) wa (Figure 2.230), we write

|

1 flx) = —=.

In this case, we say the limit of f{x) as v approaches a is negative infinity. In both
cases, the limit does not exist.
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Figure 2.24

lim fix) ==

lim fix)=—=
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DEFINITION One-Sided Infinite Li
Suppose [ is defined for all v near a with x = a. IF f{x) becomes arbitrarily large
for all x sufficiently close to a with x = a. we write lim_f{x) = = (Figu

The one-sided infinite limits lim f{x) = —= (Figure 2 ) lim fix) = =
—*a *i
{1 e 2.25¢), and lim_f{x) = | defined analogously,
et
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Figure 2.25 (a & b) continued...
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DEFINITION Vertical Asymptote

Iflim f{x) = =, lim f{x) = =, or lim f{x) = =, thelinex = ais
called a vertical asymptote of f.
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Figure 2.26

lim gix) = =
1=|
¥ 1

: lim gix) ==
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Table 2.7

x S5+x
™
5.01
0.01 = 501
0.01
5001
0.001 = 5001
0.001
5.0001 =
0.0001 0.001
0.0001
l l
0’ &
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Figure 2.27

Two versions of the graph of v

;1':'\ /'1/—{—1‘_" —P—i—g—f—;ﬁj:—-f——‘#-‘-

Caleulstor graph Correct graph
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Figure 2.28

lim cot @ = =
01"

v=cotf

lim cot = —=
fi=i)
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2.5

Limits at Infinity

ALMIATS LEARNING Copyright © 2013 Pearson Education, Inc. PEARSON 57

19




Figure 2.29
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ALWAYTS LEARNING Copyright © 2013 Pearson Education, Inc. PEARSDOMN 58
¥
lim flx)=L
=0
¥ N mpm————
fled=-= y=[f(x)
]
L e 1
]
t
X
¥ =00
lim fix)=M
Y=
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nite number £ for all sufficiently lar

DEFINITION Limits at Infinity and Hori al Asymptotes

and posi-

If f{x) becomes arbitrarily close to g
tive x, then we write

lim flx) = L

We say the limit of f{x) as x approaches infinity is L. In this case the line y = L

is a horizontal asymptote of f (Fizure 2.30). The limit at negative infinity.
lim f(x) = M. is defined analogously. When the limit exists, the horizontal

sympote is v = M.
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lim fix)

Figure 2.31

')

lim f(x) =2

=
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T lim f(x)=35
Y=s20
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Tim f(x)
14
fix) = x
t t t t
1 1
14
lim fix) =
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DEFINITION Infinite Limits at Infinity

If f{x) becomes arbitrarily large as v becomes arbitrarily large, then we write

lim f{x) = =,

The limits lim f{x) = ==, lim f{x) = =, and lim f{x) = == are

defined similarly.
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lim x" = =

Figure 2.34

- (heven: v = 0 ol v

lim 1* lim x x
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THEOREM 2.6  Limits at Infinity of Powers and Polynomials
Let i be a positive imeger and let p be the polynomial
U | 2

) = ax" + d,x + oo 4 gt 4+ a4+ ag wherea, = 0.
1. lim x" = = whenaiseven.

2
2. lim x" = = and lim 1" = —= when #nis odd.

1 ; "

3 lim = lim x"=0.

e = o
4. lim p(x) = = or—=, depending on the degree of the polynomial and the

sign of the leading coefficient a .
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Figure 2.35
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lim fix) =0

lim flx) =0
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Figure 2.36

lim glx) =4 + lim glx) =4
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Slant

asymplote

Figure 2.37

e+ — 2

flx) =
v+ 1

ALWATS LEARNING

Graph of f
approaches
T graph of {

as y=» Foo
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THEOREM 2.7 End Behavior and Asymptotes of Rational Functions

’ plx) . —
Suppose flx) = ) is a rational function, where

gl
plX) = a X" + @ X" e 4 rJ_-\! 4+ ax +ay and
qix) = b + b X" + e 4 f!_-.i" + bx + by
witha,, # Oand b, #= (.

A, [Fm << n,then lim f{x) = 0, and ¥ = 0is a horizomal asymptote of f

Afm = pothen lim f{x) = a,, /b, and v = a,, /b, is a horizontal

asymptote of f,

¢ Ifm = n.then lim f{x) = = or—=,and f has no horizontal asymptote.
d. Ifm=n+ l.then lim f{x) = = or=—=, f hasno horizontal
asymptote, but f has a slant asymptote
e. Assuming that f{x) is in reduced form (p and ¢ share no common factors),
vertical asymptotes occur at the zeros of ¢.
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¥
fix) =
lim flx)=2
TR
+—+—
] v
lim flx) = =2
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2 L ] 6
Continuity
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Figure 2.39 (a)
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Figure 2.39 (b)

v
1.25 1
1.00 4 y = ¢l Ot
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=z "
Z 0504 Ot
e
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¥
Is /i continuous
021 | atx =07
0.1 =
\l | /\l [\ | l/
} t t t
0.2 U U 0.2 .
014 .\m—l ifx#0
hix) = v
ifx=10
024
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DEFINITION Con

uity at a Point
A function [ is continuouns at a if lim f{x) = fla). If fis not continuous at g, then o
is a point of discontinuity, T
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Co

ity Checklist
In order for [ to be continuous at a. the following three conditions must hold:
1. fla) is defined (a is in the domain of f).

2. lim f{x) exists

3. lim f{x) = fla) (the value of § equals the limit of f ata).
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Figure 2.41

Vi
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THEOREM 2.8 Conti

If f and g are continuous at g, then the following functions are also continuous at «.

sume ¢ is a constant and n > 0 is an integer.

a f+g b. f=¢
e of d. fg
[ s, provided g{a) = 0 L ()

ALWAYS LEARNING Copyright © 2013 Pearson Education, Inc.
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THEOREM 2.9 Polynomial and Rational Functions

a. A polynomial function is continuous for all x.

: P r .
b. A rational function (a function of the form ; where pand ¢ are polynomials)
{

is continuous for all x for which g(x) = 0.
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fix) =
=T+ 12
¥ 1
] I
I I
20 [ 1
] |
] ]
+ |
] ]
1 ]
. . N
t i + t T
2 1 [ U
|
+ ]
I
I
04 ] 1
] 1
]
I
Continuous everywhere
exceplx = 3 and x = 4
ALMIATS LEARNING Copyright © 2013 Pearson Education, Inc. PEARSON 31




THEOREM 2.10
If g is continuous at ¢ and f is continuous at g(a ), then the composite function

t a Point

fo g is continuous at e,
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Figure 2.43 (a)

.\I
Continuous
on [a. b)
i } >
o a b x
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Continuous
on (a, b]
.
| —
o a b x

ALMIATS LEARNING Copyright © 2013 Pearson Education, Inc. PEARSON 384




DEFINITION Contin at Endpoints
Af

and [ is continuous from the right (or right-continuous) at a if Iim_f{x) = fla).

5
uous from the left (or left-continuous) at a if lim (1) = fla)

iction [ is con

ALWAYTS LEARNING Copyright © 2013 Pearson Education, Inc. PEARSDOMN 385

i Inter
A function [ is continuous on an interval 1 if it is continuous at all points of £, 167
contains its endpoints. continuity on [ means continuous from the right or left at the

DEFINITION Continuity ¢

endpoints.
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Figure 2.44

Continuous
on (), =)

Left-continuous
atx =10

Continuous
on (—=, 0]

Il ! ! |
T T T T

[FE S
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THEOREM 2,11 Continuity of Functions with Roots
Assume that s and 7
integer, then [ f(x)]
If m is even. then ._H_ X}

re positive integers with no common factors. If m is an odd
is continuous at all points at which f is continuous.
is continuous at all points a at which [ is continuous

and fla) = 0.
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Continuous on [—3, 3]
¥
44
glv) = V9 — !
s |
} t +
3 v
Right-continuous Left-cominuous
aty 3 atxy =3
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Figure 2.46

B
¥ = sinx
]
= |
Ler, sinar) |
e Rt T sinx=sina
I |
I I
| |
= i |
| | |
| | ]
L L ]
t
& X
Asx—=a...
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Figure 2.47

i}

se¢ v is continuous at all
points of its domain.
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THEOREM 2.12 Cont metric Functions

The functions sin x, cos x, tan v, cot x, sec x, and csc v are continuous at all points

of their domains.
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Intermediate Value Theorem
A} v
fil) 4
fla)+
L= o
fib)+
flir) ==
t t
¢ @ e b ; o :
In (e, ) there is af least one number ¢ such that fic) = L,
where L is between fa) and f{fb)
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Figure 2.49

15 not continuous on [a, b]..

fib)+

¥ = f(x)

flar) =+ /
t +
o a b b

... and there is no number ¢
in (a. b such that f(e) = L.
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THEOREM 2,12 The Intermediate Value Theorem
Suppose f is continuous on the interval [, b] and £ is a number between f{a)
and f{H). Then there is at least one number ¢ in (a, &) satisfying f{c) = L.

ALWATS LEAENING Copyright © 2013 Pearson Education, Inc. PEARSON o5

Figure 2.50

VA

2000+ v = A(P)
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2.7

Precise Definitions of Limits
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1 I A I B
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Figure 2.52 (b)

Values of x such that
fin=35l<1
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Figure 2.53 continued...

ALWATS LEAENING Copyright © 2013 Pearson Education, Inc. PEARSON 101

Figure 2.53

Values of x such that
1

! fix) = 8§
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Figure 2.54

Values of x such that

Ifid = 5|

L3
X
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lim fix) =L
L+ e
then |fix) = £] <&
1
fix
X
Wo<|v—al<&
ALWATS LEAENING Copyright © 2013 Pearson Education, Inc. PEARSON 104

Assume that fly) e

. We say that the limit of f{x) as x approaches a

if for any number &

flx) - Ll =&

ALWATS LEARNING

it

of a Function
ists for all v in some open interval containing &, except possibly at
L. written

lim fx) = L.

- () there is a comesponding number & = 0 such that

whenever 0 < |x — a| < 4.
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Figure 2.56
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Figure 2.57
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Figure 2.58
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Figure 2.59 (a)
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Figure 2.59 (b)

Symmetric interval 0 < |v = 2| = 1
than guarantees | gix) — 3| < 2
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Figure 2.60 (a)

Values of x such that
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Figure 2.60 (b)
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Steps for proving that lim f{x) = L
x—+a

1. Find &. Let & be an arbitrary positive number, Use the inequality [f{x) — L] < «
to find a condition of the form |x = a| < &, where 8 depends only on the

value of &

2. Write a proof. F
tionship between & and 8 found in Step | o prove that [f(x) — L] < &

my & = 0, assume 0 < |v — a| < & and use the rela-
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DEFINITION Two-Sided Infinite Limit
The infinite limit lim f{x) = = means that for any positive number N there exists a
corresponding 8 = 0 such that

flx) =N whenever 0 < |v —a| <8,
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Figure 2.61

Val

of x such that fix)
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Steps for proving that lim f(x) = =
x—a

1. Find &. Let N be an arbitrary positive number, Use the statement f{x) =
to find an inequality of the form v — a| < &, where & depends only on N,

(=

. Write a proof. Forany N = 0, assume 0 < |x = a

& and use the rela-

tionship between N and & found in Step | to prove that f{x) = N,

ALWATE LEAENING
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