Chapter 2

Limits
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The Idea of Limits
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Table 2.1

Time Average
interval velocity

[1,2] 48 ft/s
[1.1.5] 56 ft/s

(1, 1.1] 62.4ft/s
[1.1.01] 63.84 ft/s
[1.1.001] 63.984 ft/s
[1,1.0001]  63.9984ft/s
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2.2

Definitions of Limits

DEFINITION Limit of a Function (Preliminary)

Suppose the function f is defined for all ¥ near g except possibly at a. If f{x) is
arbitrarily close o L (as close to L as we like) for all x sufficiently close (but not equal)
10 a. we wrile

lim flx) =1

and say the limit of f{.x) as v approaches a equals L.
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DEFINITION One-Sided Limits

1. Right-sided limit Suppose f is defined for all x near ¢ with v = a. If f{x} is
arbitrarily close 1o L for all x sufficiently close to a with ¥ = a. we write

lim_flx) =L
r=ra
and say the limit of f(x) as v approaches a from the right equals L.

2. Left-sided limit Suppose [ is defined for all x near a with v < a. If f{x) is
arbitrarily close o L for all v sufficiently close to o with x < a, we write

lim flx) =L

and say the limit of f(x) as 1 approaches a from the left equals L.

Figure 2.12 (a & b)
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THEOREM 2.1

and only if lim f{x) = Land lim f{x) = L.

Relationship Between One-Sided and Two-sided Limits
Assume f is defined for all x near a except possibly at a. Then lim f(x) = Lif
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THEOREM 2.3 Limit Laws

Assume lim f{x) and lim g(x) exist. The following properties hold, where ¢ isa
=

real number. and m > Oand # = () are integers.

L. Sum lli_Q]r[,rI.r} +gl)] = lim Sfla) + ‘Ii_lgllrx(.-'}
2. Difference lim [f(x) — g(x)] = lim f(x) — lim g(x)
3. Constant multiple ‘Ii_n.:‘ [efin)] = e .”-‘f.-'. flv)
4. Product lim [f(x)e(x)] = [lim f()] lim ¢(x)]
f)_ Smfo
5. Quotient ‘11\: [.L-( i-)] = ‘Ii_l:lijy{.\'j‘pm\qd:d llg gx) =0

6. Power lim [l = [

im J'{.(}]"
7. Fractional power lim [j{.t!}"""’ = [l!!n f{.r)i"""', provided f{x) = 0, for

x near a, if m is even and n/m is reduced (o lowest erms

THEOREM 2.3 (CONTINUED) Limit Laws for One-Sided Limits
Laws 1-6 hold with lim replaced by lim_or lim . Law 7 is modified as follows,
Ll ] A==

=
Assume mr = 0 and i = 0 are integers.

7. Fractional power

t Iil.“. [.ﬁ-l’}]"""‘ = [ Ilm_ J'(Il—)]m'm‘

b lim [f(x) ] = [ lim f(x)]"",

]

provided f(x) = 0, for x near @ with x > a, if
mis even and n/m is reduced 1o lowest terms
provided f(x) = 0, for xnear a with x < a, if
mis even and i /m is reduced to lowest lenms
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THEOREM 2.4  Limits of Polynomial and Rational Functions
Assume pand ¢ are polynomials and « is a constant.

a. Polynomial functions:  lim p(x) = p(a)

i x o(a
b. Rational functions: lim P(x) = pa)
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Figure 2.19
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THEOREM 2.5 The Squeeze Theorem
Assume the functions f g, and h satisfy f{x) = glx) = hlx) for all values of x
near a, except possibly ata. If lim f{x) = Hm h(x) = L. then lim g(x) = L.
== N=*a =
¥ =flx)
(@] a X

Asx=a hix)=Land flv)= L.
Therefore, g(x) = L.
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Table 2.6

x flx) = 122

|

) |
|

Limit at infinity |
yolasy—s—= l
|

Figure 2.22

¥

Infinite limit
Y Xas x>

10 0.01
100 0.0001
1000 0.000001
! !
o 0
0 x
lim l. =0
gz T

Figure 2.23 (a)

¥ i | flx) large
I | | and positive
I
I
I
|
I
I
I
I
I
s

0 P x

..r approaches a |

Limit at infinity
v Moas v

Figure 2.23 (b)

x approaches a |

DEFINITION Infinite Limits
Suppose [ is defined for all x near a. It f{x) grows arbitrarily large for all x suffi-

ciently close (but not equal) to a (Figure 2.230), we write
lim flx) = =,
A=+
We say the limit of f(x) as v approaches a is infinity.
1 fx) is negative and grows arbitrarily large in magnitude for all x sufTiciently

v 21

close (but not equal) to a (Figure 2.230), we write
lim f{x) = —=,
=i

In this case. we say the limitof f{x) as v approaches a is negative infinity. In both
cases, the limit does not exist.

flx) large

and negative

| lim flo ==
1=l

3

x=

lim fix)= —=
x=—1

1F




DEFINITION One-Sided Infinite Limits
Suppose f is defined for all x near a with x = a. IF f{x) becomes arbitrarily large

for all x sufficiently close to a with x > a. wewrite lim_f{x) = = (Figure 2.25a).
="
The one-sided infinite limits ]|m flx) = == (Figure 2.25b), Ilm fix)y==

(Figure 2.25¢), and im1 _r‘[l} = == (Figure J.J.ill!dn:dchm,d .m.:]ugunslv

Figure 2.25 (c & d)
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DEFINITION Vertical Asymptote
If lim f{x) = * =, lim_f(x) = =, 0r lim flx) = L=, thelinex = ais

called a vertical asymptote of f.

Table 2.7
x S5+ x
X
5.01
0.01 = 50
0.01
5.001
! — = 500
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Figure 2.27 Figure 2.28
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DEFINITION Limits at Infinity and Horizontal Asymptotes
If f{x) becomes arbitrarily close to a finite number L for all sufficiently large and posi-
tive v, then we write
lim flx) = L
e
We say the limit of f{x) as x approaches infinity is L. In this case the line y = L
is a horizontal asymptote of f (Fizure 2 30). The limit at negative infinity,
lim flx) = M. is defined analogously. When the limit exists, the horizontal
o
asymptote is v = M.

Tlim F0) = M
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lim fix) ==

DEFINITION Infinite Limits at Infinity
If f{x) becomes arbitrarily large as x becomes arbitrarily large, then we write

T fix) =2 - 2
lim f{x) = =,
T TR The limits fim f(x) = =%, lim f(x) = =.and lim_f(x) =~ are
14 defined similarly.

lim fix) = —=
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THEOREM 2.6  Limits at Infinity of Powers and Polynomials
Let n be a positive integer and let p be the polynomial
) ’
p(x) = a )" + @, x"" + o+ aaxt 4 agx + ag, where a, # 0.
1. lim " = = when nis even.
P
"=

2, lim x" = =and lim 1" = —= when u is odd,
—x -2

. 1 =
3 lim = lim x™" =0
T T S

4. lim plx) = = or ==, depending on the degree of the polynomial and the

sign of the leading coefficient a ..




Figure 2.35 Figure 2.36
¥ -‘I
x 1
1 i Jim gy =4 1 | lim g =4
11 ; e
I
o
HERT
; T T T a o) = 400 + 42 =1
] : . T V T _I-' T ‘Il :.
i
I\ 1
I
I

THEOREM 2.7 End Behavior and Asymp of Rational F i

. it
Flg U re 2 . 37 Suppose f(x) = L—E\-i is a rational function, where
b = 22 + 6 —2 plx) = apx™ + @ 3™ 4+ g +a +ay and
164 . il Gx) = bx" + b "' ek bae? E by + by,
Slant i with a,, # Oand b, # 0.
asymplote

a Ifm < n then lim  f(x) = 0.and ¥ = 0s a horizontal asymptote of f.

b. Ifm = n then lim f(x) = a, /b, and ¥y = a,,/b, is a horizontal
e
asympiote of f,

c. Ifm = n,then lim f(x) = = or—==. and f has no horizontal asymptote.
r— T

SR 15 Graphof f | ) )
= . =5+ & iy = e ; 20012
fx)=2r+4 approaches d. Ifm=n + 1, then ; Iu];x flx) = or —=, f has no horizontal
T graph of { asymptote, but £ has a slant asymplote.

as v 2o, |

L
T
"

. Assuming that f{x) is in reduced form (p and ¢ share no common factors).
vertical asymptotes occur at the zeros of ¢.

10 — 30 + 8
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Figure 2.39 (a)
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Continuity Checklist
In order for £ to be continuous at . the following three conditions must hold:

1. fla) is defined (a is in the domain of f).
2. lim f{x) exists,

3. lim f{x) = f{a) (the value of f equals the limit of /" at a).

Figure 2.39 (b)
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DEFINITION Continuity at a Point

A function [ is continuous at ¢ if im f(x) = fla). If £ is not continuous at a. then a
is 4 point of discontinuity, i

Figure 2.41




THEOREM 2.8 Continuity Rules
If f and g are continuous at g, then the following functions are also continuous at «.
Assume ¢ is a constant and 1 > (0 is an integer.

n f+g b. f-g
e of d. fe
e f /g provided gla) = 0 fo(fAx))”

Figure 2.42
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Continuous everywhere
except v = 3and x = 4

Figure 2.43 (a)
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THEOREM 2.9  Poly ial and Rational Funeti

a. A polynomial function is continuous for all 1.
A I oy : — A
b. A rational function (a function of the form ; where p and g are polynomials)
4

is continuous for all x for which g{x) # 0.

THEOREM 2,10 Continuity of Composite F ions at a Point

If g is continuous at ¢ and f is continuous at g{a), then the composite function
o g is continuous al .

Figure 2.43 (b)
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DEFINITION Continuity at Endpoints
A function f is continuous from the left (or left-continuous) at a if lim (1) = fla)
r—*a

and [ is continuous from the right (or right-continuous) at a if Iim_f{x) = fla).

Figure 2.44

10
v=flx) A Continuous
on (i), =)
Continuous | N Left-continuous
on (—=, 0] atx =10
1 L 1 1 L 1
1 t T 1 T t
_: : X

DEFINITION Continuity on an Interval

A function f is continuous on an interval [if it is continuous at all points of 7.1/
contains its endpoints. continuity on [ means continuous from the right or left at the

Figure 2.45

Continuous on [—3, 3]

g =V -

L 1

} —e

3 x
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atxy = =3 atx=73

THEOREM 2,11 Continuity of Functions with Roots

Assume that m and n are positive integers with no common factors. If m is an odd
integer, then [ f(x) 1" is continuous at all points at which f is continuous.

1f m is even, then [ f{x)]""" is continuous at all points a at which £ is continuous

and f(a) = 0.
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Intermediate Value Theorem

¥ v
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i e "
o a c b ¥ o a0, o b 3

Ini (ar, b) there is ar feast one number ¢ such that fc) = £,
where L is between fa) and f(b).

THECREM 2.12  The Intermediate Value Theorem
Suppose f is continuous on the interval [a, b] and £ is a number between f{a)
and f(b). Then there is at least one number ¢ in (a, &) satisfying f{c) = L.

THEOREM 2.12  Continuity of Tri tric Functions
The functions sin v, cos v, tan 1. cot x, sec x, and csc v are continuous at all points
of their domains.

Figure 2.49
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2.7

Precise Definitions of Limits
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Figure 2.54
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DEFINITION Limit of a Function
Assume that f{x) exists for all x in some open interval containing a. except possibly at
a. We sy that the limit of f(x) as x approaches a is L, writien

lim f{x) = L.
if for any number & = 0 there is a comesponding number & = 0 such that

Ifix) = L] <& whenever 0< |x—a| <8

Figure 2.57
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Figure 2.59 (a)
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Steps for proving that lim f(x) = L
X

1. Find &. Let & be an arbitrary positive number, Use the inequality |f(x) = L] < &
to find a condition of the form |x — a| < &, where 8 depends only on the
value of &,

2. Write a proof. Forany & > 0, assume 0 < |x — a| < & and use the rela-
tionship between & and & found in Step 1w prove that |[f{x) — L] < e.

Figure 2.59 (b)
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Symmetric interval 0 < [v = 2| < 1
thar guarantees | gix) = 3| < 2

Figure 2.60 (b)
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Symmetric imerval 0 < [x — 2] <

that guarantees | gix) — 3| < 1

DEFINITION Two-Sided Infinite Limit

The infinite limit lim f{x) = = means that for any positive number N there exists a
>

corresponding 8 = 0 such that

flx) > N whenever 0 < |x—a| <4




fix)

flxy =N

Figure 2.61

o

0<|r-al <8

Values of x such that fix) =N

Steps for proving that lim f(x) = =
X

1. Find &. Let N be an arbitrary positive number, Use the statement f{x) = N
1o find an inequality of the form [v = a] < &, where & depends only on N.

2. Write a proof. Forany N > 0, assume 0 < |xv — a| < & and use the rela-
tionship between N and & found in Step | 1o prove that f(x) = N,




