Calculus

Chapter 5

Integration

ALWAYTS LEARNING Copyright © 2013 Pearson Education, Inc. PEARSDON 1

5.1

Approximating Areas
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Figure 5.1
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Figure 5.2
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Table 5.1

Approximations to the area under the
velocity curve v = * on [0, 8]

Number of Length of Approximate
subintervals each subinterval displacement
(area under curve)
8s 128.0 m
2 4s 160.0 m
4 2s 168.0'm
8 s 170.0 m
16 0.5s 170.5 m
32 0.25s 170.625 m
6d 0.125s 17065625 m
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Figure 5.6
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DEFINITION Reg

- Partition

Suppose [a, b] is a closed interval containing n subintervals

1 I} 5 G . 2
of equal length Ax = with o = xpand b = x,. The endpoints

¥y o X OF the subintervals are called grid points, and they create a regular partition
of the interval [a. I |. In general, the kth grid point is

w=a+ kAr.fork = 0.1

PR
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INITION Rie

ann Sum

Suppose f is defined on a closed interval | a. b |, which is divided into n subin-

tervals of equal length Ax. I x; is any point in the kth subinterval '_1| ;..1;_:. for
k=12.... . then

flx)Ax + flxa)dx + --- + flx,)Ax
is called 1 Riemann sum for f on [a. b]. This sum is

* o left Riema

sum if 1y is the left endpoint of

ann sum if ¥} is the right endpoint of |
= a midpoint Rie
fork=1.2.....m

1): and

I8

if x, is the midpoint of [x,
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Figure 5.9
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Figure 5.12
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Table 5.2
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THEOREM 5.1  Sums of Positive Integers
Let i be a positive integer

L - nin + 1)
] k=1 -
S Mo+ D+ 1) S o win + 1)
.'A L] Ai 4
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ms in Sigma Notation

DEF N Left, Right, and Midpoint Riemann
Suppose [ is defined on a closed interval i:r. .f?-_.\\l]iL’IIi.\lli\ilil'll]”lﬂh"-IlhilllL'r\'.ll\S".
equal length Ax, If x; is a point in the Ath subinterval [, . 1 ] fork = 1,2, L,

then the Riemann sum of f on [a, b] is 2 f{x;)Ax. Three cases arise in practice.

* left Riemann sum if x;, = a + (K — | )Ax
» right Riemann sum if v, = g + kAx

sumifx;, = a + (k= })Ax, fork = 1, ]
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Figure 5.15
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Table 5.3: Left, right, and midpoint
Riemann sum approximations

n L, R, M,
20 5.61 6.41 5.995
40 58025 6.2025 5.99875
60 586778 6.13444  5.99944
590063 610063 5.99969
100 59204 6.0804 5.9998

o0

120 593361  6.06694 599986
140 594306 605735 59999

160 595016 605016 599992
180 595568  6.04457 5.99994
200 5.9601 6.0401 5.99995
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5.2

Definite Integrals

ALWATS LEARNING Copyright © 2013 Pearson Education, Inc. PEARSON 27




Figure 5.16
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Figure 5.19
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DEFINITION Net Area

Consider the region R bounded by the graph of a continuous function f and the
a-axis between .k = g and x = £, The net area of & is the sum of the arcas of the
s of R that lie above the x-axis minus the sum of the areas of the parts of R that
lie below the x-axis on [a, Ir|
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Figure 5.20 (1 of 2)
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Figure 5.20 (2 of 2)
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DEFINITION Sum
Suppose | I+ n,_] are subintervals of I-n’, h'_ with
A=GH <X <H< <N, <y =h
Let Axg be the length of the subinterval [x,_ . x, ] and let x; be any point in
e o fork = 1,2, n
Ax, Ar, Ay,
2 ‘! + —+ +
R T v X b X v
! ! ¥ x
If f is defined on [a, b], the sum
SAxOAY = fa)AY + fx1)Axy + -+ flx))Ax,
is called a general Riemann sum for f on [a, b].
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DEFINITION Definite Integral

rable on [a, b] il'jinl E Sl ) Ax, exists

A function f defined on E:r. h: is int

and is unique over all partitions of [a. b] and all choices of x; on a partition. This
limit is the definite integral of f from a to b, which we write

/ flx)de = lim > f(x;)Ax.
du A—0 /=
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Figure 5.21
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Figure 5.22
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THEOREM 5.2 Integrable Functions
If f is continuous on |a. & | or bounded on [a, b| with a finite number of disconti-
nuities, then f is integrable on [a. b ).
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Figure 5.23
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Figure 5.25
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Figure 5.26
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Figure 5.28
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DEFINITION Reversing Limits and Identical Limits
Suppose f is integrable on [a, b]

L[ fx)de = = [ f{x) dy 2 [Yfx)de=0
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Figure 5.29
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Figure 5.30
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Figure 5.31 (1 of 2)
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Figure 5.31 (2 of 2)

(x| el = area of R, + arca of R,
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Table 5.4

Let § and g be integrable functions on an imterval that contains ., &, and ©

L /a 0
2 / f{x) el I..-u i

1. / o) dx ."I'
5. I flx) el l||I flx) s IJI flx) s

6. The function | /] is inte m |

and [ (x| ol is the sum of the areis

of the regions bounded by the graph of § and the v-axis on |a, b
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5.3

Fundamental Theorem

of Calculus
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Figure 5.32
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Figure 5.33
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DEFINITION Area Function

Let f be a continuous function, for f = a. The area fun
ais

on for [ with left endpol

A(x) = /H’f]dr.

where x = . The area function gives the
of f and the f-axis on the interval [a, x |.

net s

ea of the region bounded by the gr:
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Figure 5.34
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Figure 5.35
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Figure 5.36
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Figure 5.37
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Figure 5.39
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THEOREM 5.3 (PART 1) Fundamental Theorem of Caley
If f is continuous on [a, &), then the area function

Alx) = /r[r]u’,f, for a=x=bh

nd differentiable on (a. ). The area function satisfies
alently,

15 continuous on :rJ. )
A'(x) = flx): or. equiv

;i
Alfr) = / f() dr = f(x).
dy [,

which means that the area function of f is an antiderivative of f on [a, b].
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THEOREM 5.3 (PART 2) Fundamental Theorem of Calculus
If f is continuous on [a, b | and F is any antiderivative of fon [a, b, then

il

/ flx)de = F(h) — Fla).
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Figure 5.40
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Figure 5.41
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Figure 5.43

ALWAYTS LEARNING Copyright © 2013 Pearson Education, Inc. PEARSOMN o7

Figure 5.44
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Figure 5.45
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Figure 5.46 (a)
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Figure 5.46 (b & ¢)
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Figure 5.46 (d & e)
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Figure 5.47
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Figure 5.48
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Figure 5.49 (1 of 2)
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Figure 5.49 (2 of 2)
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Working with Integrals
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Figure 5.50 (b)
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THEOREM 5.4  Integrals of Even and Odd Functions

Let a be a positive real number and let f be an integrable function on the interval
@ al.
oIf fiseven, [ flx)dy = 2 [} f(x) dv.
If fisodd, [° flx)de=0.
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DEFINITION Average Value of a Function
The average value of an integrable function f on the interval [a, b] is

B |
= ) d
f b_“j flx) ey
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Figure 5.51
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THEOREM 5.5 Mean Value Theorem for Integrals _
Let f be continuous on the interval [a. b]. There exists a point ¢ in [a. ] such

that
flc) =f = (1) dr.
b—al,
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5.5

Substitution Rule
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THEOREM 5.6 Substit
Letu = g(x), whe
the corresponding r

ion Rule for Indefinite Integrals
£" is continuous on an interval, and let f be continuous on
ange of g. On that imerval,

/.f(l:\'l)h"{l):.'f\ = /.'[rf]..fu.
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PROCEDURE Substitution Rule (Change of Variables)

. Given an indefinite ime
tify an inner function
appears in the int

linvolving a composite function f{g{x)). iden-
¢(x) such that a constant multiple of g'(x)

2, Substitute w = g(x) and di = g"(x) dv in the integral.
3L E

uate the new indefinite int with respect to n.

4. Write the result in terms of x usi = p(x).

Disclaimer: Notall integrals vield to the Substitution Rule.
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THEOREM 5.7  Substitution Rule for Definite Integrals
Let v = g(x). where g’ is continuous on |a, ], and let f be continuous on the

[ g. Then
/f[uqm_u‘{njnh = / flu) edne
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Figure 5.55
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