Chapter 7

Logarithmic and
Exponential Functions
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Inverse Functions
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Ads in the domain of fand
x=f"Yv)is in the range of f ',
\ ,,
. ./-\. e 1)
v is in the domain of f ! and
v = f(x}is in the range of f.
ALSATS LEARNING Copyright © 2013 Pearson Education, Inc. PEARSON 3




DEFINITION Inverse Function

Given a function f, its inverse (if it exists) is a function f° such that whenever

y = flx). then f~'(v) = x(Figure 7.1},
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DEFINITION One-to-One F
A function f is one-to-one on a domain I if each value of f1 1) corresponds to exactly
one value of x in £, More precisely. [ is one-to-one on £2if f{x,) # f{x) whenever
¥y # X, for ) and x D, The horizontal line test says that every horizontal line
intersects the graph of a one-to-one function at most once (Figure 7.2)

and the Horiz Line Test

i
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Figure 7.2
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Figure 7.3
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v =fix)

Figure 7.5 (a & b)

ALWATS LEARMING

1 )
v =Ny ¥
! /

Copyright © 2013 Pearson Education, Inc. PEARSON

9




THEOREM 7.1  Existence of Inverse Functions
Let f be a one-to-one function on a domain 2 with a range K. Then j ha
inverse f ' with domain R and r D such tha

a unigue

FUA =x and A7) =n

where xisin 2 and yisin R,
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y=xr-1
I+
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1 2 -
fis one-to-one [ is one-to-one
and has an inverse and has an inverse
on (==, 0], 4 | on [0, =),
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PROCEDURE Finding an Inverse Function

Suppose f is one-to-one on an interval £. To find f 7'

L Solve y =

) for x. If necessary, restrict the resulting function so that x lies in [

2. Interchange x and ¥ and write y = f~'(x).
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Figure 7.7

v Inverse functions
for flx) = 1= =1

y=f"l=vVr+1

y=f"lx)=-
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Figure 7.8

The function fix)

inverse £ n)

2y + frand s

3 are symmetric

about the line v = x
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Figure 7.9

The function fix) = Vx— l{x= 1)
and its inverse [ ) =+ Liv=l

are symmetric about v = x

=2+ 1li=m
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Figure 7.10

Symmetry about ¥ = x means..

v
v =flx)
y=f P
i {a, b) is on the
graphof f. .. (e, b) \“": =
(. a)

.then (b, a) is

on the graph of f 1,
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THEOREM 7.2 Continuity of Inverse Functions
If a continuous function f has an inverse on an interval £, then its inverse [ is
also continuows (on the interval consi of the points f{x). where x is in /).
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Figure 7.11
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Figure 7.12

m = fx,)

tan
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THEOREM 7.3

Deriv

¢ of the Inverse Function

Let f be differentiable and have an inverse on an interval £. If x; is a point of 1 at

which f*(x,) # (. then f

)'(3) = = where

Flxw)

!is differentiable at v, = f{x,) and

yo = flag).
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7.2

The Natural Logarithmic and

Exponential Functions
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DEFINITION The Natural Logarithm
The natural logarithm of a number v = (), denoted In x, is defined as

Inx = [lrfr
r
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Figure 7.14 (a & b)

ALSIATS LEARNING Copyright © 2013 Pearson Education, Inc. PEARSOM 24




Figure 7.15
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ALSATS LEARMING Copyright © 2013 Pearson Education, Inc. PEARSON 25

Figure 7.16 (a & b)

y

y = In |x]

For x> 0. For.x # 0,
o I i |
. == (lnx)=—. ——(lnjxj)=—.
dx X dx Il X
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THEOREM 7.4 Properties of the Natural Logarithm

1. The domain and range of In x are (0, = ) and (—=, =}, respectively.

ZIn{xv) =Inx+Iny, forx >0 v>10
I In(x/y)=Ihx—-Iny, forx>0y>0
4. Inx" = plnx, forx = Oand parational number
I > =
3. (Injx]) =— forx # 0
dx X
d w'lx)
. (In [u{x)|} = . foru(x) # 0
dx nlx)

g |
7. / de=1Inlx| + C
Jx
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Figure 7.17
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DEFINITION The Number ¢
The number ¢ is the real number that satisfies
e,
dr
Ine = / = 1.
o1 !
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The Exponential Function

For real numbers x, vy = ¢' = exp (x). where x = Iny.
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THEOREM 7.5 Properties of e
The exponential function ¢* satisfies th
from the integral definition of In x. Let x and v be real numbers,

following properties, all of which follow

Lt =
2877 =2
3. (e') = ", for v a rational number
4. In{e') = x, forallx
S5 e =y forx >0
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DEFINITION  Exponential Functions with General F
Let b be a positive real number with & # 1. Then for all real x,
bt = piind
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Table 7.1

o1+ ) h (1 + )"
107" 2593742 —107"  2.867972
1077 2704814 —107°  2.731999

107 2716924 107 2719642
1074 2718146  —107"  2.718418
107 2718268 —107°  2.718295
10°° 2,718280 —107® 2.718283

107 2718282 —1077  2.718282
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Figure 7.19

Tangent line has

/ slope 1 at (0. 1).
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THEOREM 7.6 Derivative and Integral of the Exponential Function
For real numbers x,
)

{e"™) = ¢"™y'(x) and /-"rh = ¢' + C
d ,
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Figure 7.20
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7 ] 3
Logarithmic and Exponential
Functions with Other Bases
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Figure 7.21
Larger values of i
produce greater rates
of increase in b* if b = |,
ALSATS LEARNING Copyright © 2013 Pearson Education, Inc. PEARSOM 39

U9




Figure 7.22

Smaller values of & produce
greater rates of decrease
mbtif0=b<1.
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DEFINITION Logarithmic Function Base b

For any base b = 0, with & » 1, the logarithmic Tunction base b, denoted log,, x. is
the inverse of the exponential function b

ALWATS LEARMING Copyright © 2013 Pearson Education, Inc. PEARSON 41

Inverse Relations for Exponential and Logari

netions
For any base b = 0, with b # 1, the following inverse relations hold,
. p™8* =y, forx >0
I2. log,b' = x, forall x
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Figure 7.23

Graphs of b and o
symmetric about ¥
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¥

¥
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Figure 7.24

log, | = 0 for any
base b =0, b # 1,

log, x increases on the
imterval x > 0 when b = 1.
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THEOREM 7.7 Derivative of "
Ifh = 0and b # 1, then for all x,
o 2
(6') = b'Inb.
dx
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Figure 7.25
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Mother's  Incidence Decimal
Age of Down  Equivalent
Syndrome
z 30 1 in M) 000111
i 35 I in 400 0.00250
z 1 in 300 0.00333
¢ 1in 230 0.00435
1 in 180 0.00556
lin 135 0.00741
Lin 105 0.00952
1 in 60 0.01667
4 1 in 35 0.02875
46 1in 20 005000
48 lin 16 0.06250
H 44 lin 12 (L.08333
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THEOREM 7.8 Indefinite integral of b

|
Forh > Oand b # 1, /.l'r"f.f.i = b
y Inh
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THEOREM 7.9 G il Power Rule
For real numbers p and for x > 0,
d () -
) = pxf™",
dx
Furthermore, if u is a positive differentiable function on its domain, then
[ W L
(t{x)") = plulx u'(x).
dx F
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THEOREM 7.10 Derivative of log, x
If b = Owith b # 1. then

I ) d I
. forx >0 and ——(log, |x]) . forx # 0.
vinb d vin bk
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7.4

Exponential Models
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Figure 7.28
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Figure 7.29
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Exponential Growth Functions
Exponential growth is described by functions of the form y(1) = v ", The initial

value of v atr = (s ¥(0) =

te constant & > ) determines the rate
of growth. Exponential growth is characterized by a constant relative growth rate,
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DEFIP

TION Doubling Time
The quantity described by the function v(r) = ye', for k = 0, has a constant

N s n2 -
doubling time of T = X . with the same units as r.
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Figure 7.30
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Exponential Decay Functions

Exponential decay is described by functions of the form y(r) = vee ™", The initial
value of v is ¥(0) = and the rate constant & = () determines the r
Exponential decay is characterized by a constant relative decay rate,

of decay.

* constant

i In2 .
half-life is T} » = MR with the same units as .
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Figure 7.33
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7.5

Inverse Trigonometric

Functions
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Figure 7.34

o ; s I
Infinitely many values of x satisfy sin x = 5.

v =sinx
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Figure 7.35 (a)

Restrict the domain of v = sin x w|

3
Yy =sinx
1+ -~ -1
+ t Range = [-1, 1]
I —
Domain =
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Figure 7.35 (b)

Restrict the domain of v = cos x to [0, 7).

¥
14 —
3 ¥ =CosX
Range = [—1. 1]
1+ X
Domain = [0, 7]
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DEFINITION Inverse Sine and Cosine

v = sin ' xis the value of v such that x = siny, where —w /2 = v = 7 /2,

v = cos ' xis the value of v such that v = cos v, where ) = v = 7,
"xandcos ' xis {xi=1 s v = 1}

The domain of both sin

67

Copyright © 2013 Pearson Education, Inc.
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Figure 7.36
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Figure 7.37

aphs of ¥ = cos v and
are symmetric

X

the line v

Domain of cos ™~ x

PEARSON
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Figure 7.38

i sin fl = 3
] W2l
2 cos @ = ——
tan f = ——
ca— = V21
V5 — 23 =1
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Figure 7.39

V.16 — X
X
cosfl = —
4
X
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Figure 7.40

costl =x =
X

f=cos 'y

ALSATS LEARMING Copyright © 2013 Pearson Education, Inc. PEARSON 72




DEFINITION Other Inverse Trigonometric Functions

v = tan ' xis the value of v such that x = tan y, where =7 /2 < v < #/2,

v = ool 15 the value of v such that x = coty, where ) < v < .

The domain of both tan ' xand cot ' xis {x—= < x < =},

v = sec” v is the value of v such that x = sec v, where 0 = #= o/
v = esc ! v is the value of v such that v = esc v, where —w/2 = v = 72, with
¥y 7F “.
The domain of both sec™’ vand cse ™' vis {x:|x] = 1},
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Restricted domain of wn ¥
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X
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Figure 7.43

ALWATS LEARNING
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lan f = x
f=tan"'x

Figure 7.45
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Figure 7.46

Domainof sin™' v —1=x=1

Rageofsin™ ' x: =5 sy=s3

ALSATS LEARMING Copyright © 2013 Pearson Education, Inc. PEARSON

79

Figure 7.47
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THEOREM 7.11  Derivative of Inverse Sine
d | 4 1
(sin""x) = s for=1 <x<1
dx v v
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ALWATS LEARNING
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flixy=0asx—= —=

Figure 7.49

¥ m, =0asx-»x=

fi)=1

flx) = tan X

iHI
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fix)=0asx—x
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Figure 7.50
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THEOREM 7.12  Derivatives of Inverse Trigonometric Functions

[ e I d i 1 : .
—{sin" x) = ———= —(cos ' x) = —————. for—-1<x<I
dv V] - x2 dx V1 = 12

;'r‘(l.'m ! X) = | _rl 3 :;;_[ml '\] =

LT TRy LR Ot

‘h_(sl.’t X) = |-‘|\rf..:__] d_‘_{uu )=

Figure 7.51
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THEOREM 7.13  Integrals Involving Inverse Trigonometric Functions

: dlx 1 X .
I. ; = = sin G
J Vas X #
" 1 X ~
L = = —tan"' = + (
J at+x° i i

2 iy I M .
kX / = = = —ge¢ +(
JoaxVyr—as ¥ 14
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Figure 7.53
One-eighth
¥ of the circle
- x*
}
—a iy
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7.6
L Hopital’s Rule and Growth
Rates of Functions
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PROCEDURE Indeterm

ite forms 1%, 0", and <"

=, both of which are handled by I"'Hopital’s Rule,
2. Then lim f{x)5*) = gt
2. Then lim f{x) e

ALWATS LEARNING Copyright © 2013 Pearson Education, Inc.

Assume lim f{x)}*" has the indeterminate form 17, 07, or =7,
—a

1. Evaluate L = lim g(x) In f{x). This limit can be put in the form 0/0 or
b

PEARSON o1
Figure 7.54
t t
0 1 3 X
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Figure 7.55
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DEFINITIC 15 (a5 x — @)
Suppose f and g are functions with lim f{x) = lim g{x) = =, Then f grows
- ot

faster than g as v — = if

] oo SX)
= 0 or. equivalently, if  lim — =
—= g(x)

lim =
e f

The functions f and g have comparable growth rates if

flx)
lim —— = M.

where (0 = M < = (M is nonzero and finite),
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104 200 3000
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y=Db'forb
2. 2.75.3
v
Exponential
S0.000 == functions
grow faster
than polynomials
60,000 4+ -
aAS V==
40,000 =
20,000 4
et
t y 1 t ¥
10 n X
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THEOREM 7.13  Ranking Growth Rates as x — o

Let f == g mean that g grows faster than f as x — =, With positive real num-
bers pog, roand sand b = 1,

Infx << xP << aflnx << 2P =< b << x*,
ALSIAYES LEARMING Copyright © 2013 Pearson Education, Inc. PEARSON o7

7.7

Hyperbolic Functions
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Figure 7.58

Plx,y) =
(cos 1, sin 1)
Arc
length =t Three ways to interpret 1
f = angle in radians
/ 1 v 1= length
t =2+ (area of sector)

Area = /2
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Figure 7.59

¥
I = twice the area Pix.v) =
of hyperbolic sector (cosh 1. sinh 1)
X
=
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DEFINITION Hyperbolic Functions
Hyperholic cosine Hyperbaolic sine
_ (& ™ e . . !'I ¢
cosh x 5 sinh x 5
Hyperbolic tangent Hyperbaolic cotangent
sinh et — e’ cosh x i
tanh v = - r cothy = — = — =
cosh x & e sinh v ¢ ¢
Hyperholic secant Hyperbalic co
1 2
sechx = = esch x TR oT
coshx sinhx &' —e¢
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Hyperbolic Identities
cosh’ x sinh” 1 cosh(—x) = coshx
I — tanh’x = sech®x sinh(—x) = —sinh x
coth®x — 1 = ¢seh’x tanh{—x) = —tanh x
cosh{x + y) = coshx coshy + sinhx sinh y
sinh{x + v} = sinhxcosh v + coshxsinh y
cosh 2v = cosh® v + sinh sinh 2x = 2 sinh x cosh x
5 cosh 2x + | . cosh 2x — |
cosh"y = sinh”x = =

-
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Figure 7.60
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Figure 7.61

coth v
domain x = 0

e [y
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THEOREM 7.14  Derivative and Integral Formulas
d - . ,
1. : (coshx) = sinhx = [sinhxdy = coshx + (
ax h
d . .
2, . (sinhx) = coshx = [coshxer = sinhx + ¢
[IAY
d 3 5 .
3. . {tanh x) = sech’y = [sech’xdv = tanhx + (
oy
o . 3 .
4. ! {cothx) = —cschy = ||I csch*xdy = —cothx + C
iy
o :
5. . {sechx) = —sechxtanhx = [sechxtanhxdy = —sechx + €
dx
d .
6. I {eschx) = —cschxcothy = |Ilg'wh veothx dv = =cschy + €
ox
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THEOREM 7.15  Integrals of Hyperbaolic Functions

1. J'"t.:nh xdv = Incoshxy + C 2, _erih xdy = In|sinh x| + C
3. [sechxdy = tan'sinhy + C 4. [eschxdx = Injtanh{x/2)| + €
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Figure 7.62 (a & b)

¥V v
¥ = sinh x
= cosh B
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2 I+ v=sinh™'x
— ]
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t t t t
1 v=cosh™'x -3 =1 1 2 ¥
1+
-
‘{ - 1+ L
. 2
t t
| 2 o
¢ = cosh™! sk inh=!
¥ = COsh X Cosh y v = sinh X v = sinh v
forv=land ) =y < = for —m < x < = and —=
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Figure 7.62 (c & d)

¥
v=tanh™'

|
| |
24 } \»=sech™!x

P N 1 5:]
v = tanh x %
A P

| 1 2 3 &£ \

v = sechx

+1 t t t
1 2 3 ¥
v = tanh ™! x & & = tanh 3 v=sech™ v e x = sech y
for—1 <x<land®<y<= for0<r=land0 =y <
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Figure 7.62 (e & f)

= csch x |\ = coth™'

coth x

'resx

coth v

coth

v = osch = csch y v Xy

forx# Dand v =0

forfx| = land v # 0
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THEOREM 7.16 Inverses of the Hyperbolic Func Ixpressed
as Logarithms
] . 7 \ Y 1 I
cosh" x=In(x + Vx = 1){x=1) sech™ x = cosh : 0<x=1)
2 1 2 1 1 ! f
sinh " x In{.x oo 1) csch ' x sinh (x = 0)
1
| f | ..
tanh ™" x 1In[ 1 1) coth™ x = tanh “. x| = 1)
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v
e s
= ==
¥ = cosh x
: : _
1 X
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THEOREM 7.17

Derivatives of the Inverse Hyperbolic Fun

d ; 1 d, . l
{eosh™ x) = (x 1) {sinh 'x) =
dx V-1 dx Vil 41
o ank! 1 ! i 1 |
L anh X) 1Y) = ] {coth x) v r )
el 1 X" oy | X"
d I : 1
(sech™ x) - (0<x<1) ——(eseh'x) = (v % 0)
d V1 - ¢ dv W1+ 2
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THEOREM 7.18 Integral Formulas
i dy i X :
| = = cosh + C.forx = a
J Vet = gt el
3 iy X
2, / - sinh™ = + C, forall x
o Yixo+a©
1 X .
) tanh + C, for |x a
8 / dy B a o
by 2 2 1 v
y & : 1 coth”! =+ C.for|x]| = a
a o
f d 1 P 2
4. z sech + ClorD<x <
L ‘\ a° v a i
Tl dx 1 Y
5. = = csch C.forx # 0
4 xVa® +x a
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Figure 7.65
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Figure 7.66

v = 200 cosh (x/200)
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Figure 7.67
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