Calculus

Chapter 7

Logarithmic and
Exponential Functions

7.1

Inverse Functions

Figure 7.1
Ads in the domain of fand
x=f"Yv)is in the range of f ',

I

v is in the domain of f ! and
| ¥ =f(x)isin the range of f.

DEFINITION One-to-One Functions and the Horizontal Line Test
A function f is one-to-one on a domain 2 if each value of f1v) corresponds to exactly
one value of x in £, More precisely, £ is one-to-one on Dif f{x;) # f{x;) whenever
Xy # X for vy and x, in [, The horizontal line test says that every horizontal line
intersects the graph of a one-to-one function at most onee (Figure 7.2)

DEFINITION Inverse Function
Given a function f, its inverse (if it exists) is a function (' such that whenever
¥ = flx). then ~'(¥) = x (Figure 7.1).
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Figure 7.5 (a & b)
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¥ cormespond 1o v.
e, ol 4 (6 ¥ ,\ ¥=1t0) /\ THEOREM 7.1  Existence of Inverse Functions
¥ =fin - . Let f be a one-to-one function on a domain 2 with a range R. Then f has a unigque
inverse ' with domain & and range D such that

) =x and fif7'(3) =

where xis in 2 and v is in R.

(0]

PROCEDURE Finding an Inverse Function
Suppose f is one-to-one on an interval 1. To find £

14
. 1. Solve v = f(x) for x. If necessary, restrict the resulting function so that x lies in /.
T
2, Inmterchange x and v and write y = ' (x).
| fis one-to-one [is one-to-one
and has an inverse and has an inverse
| on (==, 0] 4 | on [0, =),




Figure 7.7
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Figure 7.8

The function fix) = 2y + 6 and its
inverse f~lix) = 2 — 3 re symmerric
about the line v = x.
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Figure 7.9
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THEOREM 7.2 Continuity of Inverse Functions
If a continuous function f has an inverse on an interval £, then its inve
also continuous (on the interval consisting of the points f{x). where x is in /).
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Figure 7.12
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DEFINITION The Natural Logarithm
The natural logarithm of a number v = 0, denoted In v, is defined as

‘1
Inx = [—n‘:.
Ji !

THEOREM 7.3 Derivative of the Inverse Function
Let f be differentiable and have an inverse on an interval . 1f x, is a point of [ at
which f*(xy) # O.then ' is differentiable at v, = f{x,) and

Ef")'(.r..}=ﬁ- where  yy = f{xo).

7.2

The Natural Logarithmic and

Exponential Functions

Figure 7.14 (a & b)
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Figure 7.15
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Figure 7.16 (a & b)
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THEOREM 7.4 Properties of the Natural Logarithm

1
ZIn{xy) =Inx+Iny, forx =0,v=>0
I In(x/y)=Ihx—-Iny, forx>0y>0
4

. Inx” = plny, forx = Oand p arational number
! 1
5. i[ln |xl) = e forx # 0

o _w'x
H[In lu(x)]) = PR foru(x) # 0

f
nlx)
!

bl

-dy = Inlx] + C

. The domain and range of In v are ((), = ) and (—=, =), respectively.

Figure 7.17
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DEFINITION  The Number ¢
The number ¢ is the real number that satisfies

e
dt

Inc=f—=|.
1 f
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DEFINITION The Exponential Function
For real numbers x. y = ' = exp (x). where x = Iny.

DEFINITION  Exponential Functions with General Bases
Let b be a positive real number with & # 1. Then for all real x,

bt o= prinb

Figure 7.19
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/_ slope 1at (0. 1)

THEOREM 7.5 Properties of ¢*
The exponential function ¢* satisfies the following properties, all of which follow
from the integral definition of Inx. Let x and ¥ be real numbers,

T4Y = ¥

1e e
eV =o'

3. (e') = ", for v arational number
4. In(e*) = x, forallx

5 e" =y forx >0

Table 7.1

h o (+mr on 1+ )
107" 2593742 —107'  2.867972
1072 2704814 —1072  2.731999
1077 2716924 =107 2719642
107 2718146 —107  2.718418
107 2718268 —107° 2718295
10°° 2718280 —107° 2.718283
107 2718282 —1077  2.718282

THEOREM 7.6 Derivative and Integral of the Exponential Function
For real numbers x,

':i (e"™) = "y (k)  and [("d.l‘ =¢' 4+ C

a




Figure 7.20
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7.3

Logarithmic and Exponential
Functions with Other Bases

Figure 7.21
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DEFINITION Logarithmic Function Base b
For any base & = 0, with b » 1, the logarithmic function base b, denoted log,, . is
the inverse of the exponential function &

Figure 7.22

Smaller values of b produce
greater rates of decrease
infif0=5b<1.

Inverse Relations for Exponential and Logarithmic Functions
For any base b = 0, with & = 1, the following inverse relations hold,
IL Bt = v forx >0

12. log, b* for all x




Figure 7.23 Figure 7.24
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Figure 7.25
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THEOREM 7.7 Derivative of b*
Ifh = 0and b # 1, then for all x,
o
() = b Inb. AP
oy slope = In 2

L
t
-2 ] £} x

Slope of line angent
Wy =hatx
isln b

Table 7.2 Figure 7.26

Mother's  Incidence Decimal
Age of Down  Equivalent 0104 v = Pla)

¢ Syndrome W e
i n 1in 900 000111 E omd
H 35 1in 400 0.00250 2 1
: 36 1 in 300 0.00333 3
£ 37 1in 230 0.00435 g= WeT
I 38 Lin 180 0.00556 a8 T »
H 39 Lin 135 0.00741 T 2 oM
40 Lin 105 0.00952 3 4
H 42 1in 60 0.01667 3
H 2 oo+
H 44 1in 35 0.02875 2
46 1in 20 0.05000 T LE—
s s i 2 (L7 I E R

Age of mother



THEOREM 7.8 Indefinite integral of "

1
Fordh = Oand b # 1, f.b‘n‘.r =—b +C.
Inb

Figure 7.27
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7.4

Exponential Models

THEOREM 7.9 General Power Rule
For real numbers p and for x = 0,

d
S =,

differentiable function on its domain, then

Furth Lif s a positi

N
25 W) = pla)y ™ u'(x).

THEOREM 7.10 Derivative of log, x
Ifb = Owithb # |, then

o 1 d 1
£ (logpx) = —— forx >0 and ~(logylx]) = —— forx = 0.
d'.\'( og,x) g forx and l!.‘_(Ing, [x[) g orx

Figure 7.28
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Figure 7.29
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DEFINITION Doubling Time

The guantity described by the function v(1) = ve", for k = 0, has a constant
In2

doubling time of T, =~ with the same units as 1.

Figure 7.31
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Exponential Growth Funetions

Exponential growth is described by functions of the form v(1) = vue*. The initial
valug of yatr = 0is ¥(0) = 3
of growth. Exponential growth is characterized by a constant relative growth rate.

and the rate constant & > 0 determines the rate

Growth rate
(billions of people/yr)

Figure 7.30
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Exponential Decay Functions

Exponential decay is described by functions of the form v{r) = we ™" The initial
value of v is v(0) = ¥, and the rate constamt & = () determines the rate of decay.
Exponential decay is characterized by a constant relative decay rate, The constant

In2
hall-life is 7, = "T with the same units as 1.

7.5

Inverse Trigonometric

Functions

Figure 7.35 (a)
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Figure 7.35 (b)
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DEFINITION Inverse Sine and Cosine

sin”! xis the value of v such that x = sin v, where —w/2 = v = x/2,
¥ = cos ' xis the value of v such that v = cos v where 0 = v = 7.

The domain of both sin ' xand cos ' xis (-1 sy =1},

Figure 7.37
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Figure 7.36
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Figure 7.39
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Figure 7.41

Restricted domain of wan v

DEFINITION Other Inverse Trigonometric Functions J, -y '| is(-5.3).
v = tan ' ¥ is the value of v such that x = tan v, where —7/2 < v < 7/2. :
¥ = cot s the value of v such that x = coty, where 0 < v < 7. NN -1 e i L
2
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Figure 7.46
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THEOREM 7.11  Derivative of Inverse Sine

d--{sin'.r)=' ;l = fo=l<x<I

dy VT =52
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THEOREM 7.12  Derivatives of Inverse Trigonometric Functions

1 f
f[m-l".) = 3 _‘;_(“‘“-I-"] = for=1<x<1
t Vi -1? dx
f:_llan ¥y = | : a3 -‘-E;[mt ly) = o -:.ri‘ for—2 < y < =
d 1 |
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dx Vi =1 dx V= 1

Figure 7.52
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THEOREM 7.13  Integrals Involving Inverse Trigonometric Functions

7.6

L’Hopital’s Rule and Growth
Rates of Functions




PROCEDURE Indeterminate forms 1%, 0", and «"
Assume lim f{2)*") has the indeterminate form 17, 0", or ="
==
1. Evaluate L. = lim g(x) In f{x}. This limit can be put in the form 0/0 or
=
= /= both of which are handled by 1"Hopital's Rule.
2. Then lim f{x)*") = of,
—*a

Figure 7.55
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DEFINITION Growth Rates of Functions (as x — =)
Suppose fand g are functions with lim f{x) = lim g(x) = = Then f grows
faster than g as v — = if e i

- glx) ; o f()
lim —— =0 or equivalently,if lim — = =
= flx) Snb == g(x)
The functions f and g have comparable growth rates if
flx)

lim —— =
== g(x)

where 0 < M = = (M is nonzero and finite),

Figure 7.56
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THEOREM 7.13 Ranking Growth Rates as x — =
Let == g mean that g grows faster than f as v — =, With positive real num- "
bers pog, roand sand b = 1,

Infy <= ¢ <<y In"y << oMo pY eyt

Hyperbolic Functions

Figure 7.58 Figure 7.59
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Three ways to interpret
) 1= angle in radians

1 x = arc length

| 1=2- (area of sector)
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DEFINITION Hyperbolic Functions
yperbolic Functions Hyperbolic Identities

H holic cosi Hyperbaolic si N N
L e e Y cosh™ v = sinhry = | cosh{—x) = coshx
ot N K o g 3 5 3
Nl it g €0 TE | — anh’x = sech’x sinh(—x) = —sinhx
* # cotl’x — 1 = esch’x tanh{—x) = —tanh.x
Hyperbolic tangent Hyperbolic cotangent
int " s i e cosh(x + v) = coshx coshy + sinh.x sinh ¥
sinhy ' — & coshy _e'+e
tanhx = T, cothy = ——— = — = sinh{x + v} = sinh x cosh v + cosh xsinh ¥
coshy e' + e sithy e' = ¢™ 4 f ’
Hyperbolic secant Hyperbolic cosecant cosh 2v = cosh®x + sinh’x sinh 2v = 2 sinh v cosh x
1 2 1 2 o2 cosh2e + 1 oo cosh2v =1
sechy = —— = ——— eschy= — = —"— coshr .r—f sinh"x = T

coshy &' + e sinhx &' — ¢
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THEOREM 7.14  Derivative and Integral Formulas
o .
1. -1--{cmh x) = sinhx = JIf.t;inh,\' de =coshx + C
oy h
d . . i
2. T{smh.\') = coshx = fcnsh xdv = sinhx + C
@y h
d : : ) THEOREM 7.15 Integrals of Hyperbolic Functions
% E(m"h x)=sels = [echizds=mnhs+C 1. ftanhxdx = Incoshx + € 2. [cothxdx = In|sinhx| + €
d x : % 3. fscch xev = tan”' sinhx + C 4. If'c.»;ch xdx = Injanh(x/2)| + C
4. T(cnth ¥) =—cseh’y = [esch’xdy = —cothy + €
dx
! ;
5. i—-(scch x) = —sechxtanhy = [sechxtanhxdy = —sechx + C
v
d
[ J;(csch x) = —eschycothy = _.Irs:sch xcothxdy = —cschy + C

v
' v = sinh x "y . -
" y=tanh""x x
14 LAt
| 3
! 3
1+ sinh™! x E T ] v=sech™'x
PR PR T 24
1 t t } | T y=tanhx
| ) 2 X +—— +—+—+
AN = e 1 1 2 3 X
e e T
. ot 5il. E ¥ =sechx
+ +
1 B ' i+ E : i 3 x
v = cosh™' v s x = cosh ¥ | v =sinh™ x> x = sinhy y=tanh ! x e x = tanh ¥ v=sech ' ves v =sechy
Tope 2] el sy wiee |for—m<x<wand —= <y <= for—1 < <land=<y<= for0<xsland0sy<w=|




Figure 7.62 (e & f)
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THEOREM 7.16  Inverses of the Hyperbolic Functions Expressed
as Logarithms

cosh™' x = In(x + V? - 1)(x=1) sech'x= cosh™' % 0=x=1)

! * e 1
[t sinh ! x = In(x + Vi + 1) eseh™ x = sinh™! = (x # 0)

1 1 +x 1
gy = — B " 1 = =T -
tanh™" x 2In (I — _‘_) (Il = 1) coth™' x = tanh _‘_{l_r| = 1)

v=csch™ xesx=cschy v=coth™'x e x = cothy
forx # Oand v # 0 for | = landy # 0

Y
THEOREM 7.17  Derivatives of the Inverse Hyperbolic Functions
Tor: sl bpamoy = b g i‘.- O
Y= !hfl:ﬂ.\h x) ot x=1) d.\"'mh x) e
-L-F_(l;mh lx)=— : s (k<1 l"lr:{culh lx) = : s (=1
dy 1=-x dy 1-x
y = coshx d :
—(sech™ x) = —— = (D=<x=<1)
dv V1=
il L
T T
-1 1 X

THEOREM 7.18 Integral Formulas Flgure 7-64
dx X
1. [; =cosh' L+ Cforx>a
V2 a ¥
2 [“r—‘ = sinh™' % + C, forallx
TSV a ) )
1 1
tanh™ X + €. for |x] < a
3 [1— = i
T2 y
e —coth™ = + C.for |v| = a
a a
dy 1 1
4. f = ——gech ' =+ Clr0 < x <
Va? - x? “ i ! 4 11 1 =
T T T T :.
dx 1 8] -1 | 2 3 B
5 | ———==——csch”' — + C.forx # 0
-[.lV(i: +x* a a




Figure 7.65
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