Chapter 8

Integration Techniques
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Basic Approaches
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8.2

Integration by Parts
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Integration by Parts
Suppose that 1 and v are differentiable functions. Then
/.-a dv = v — /\'n‘ra.
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Integration by Parts for Definite Integrals
Let 1 and v be differentiable, Then
/ w{x)v’ (x) dx = u(x)vix) / v{x)u'(x) dv.
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Integral of In x
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Trigonometric Integrals
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Table 8.2

[ sin™ x cos" x dx Strategy

m odd. nreal Split off sin v, rewrite the resulting even power of sin t in lerms
of cos v, and then use o COS X

modd, m real Split off cos x, rewrite the resulting even power of cos x in terms
of sin v, and then use & = sin ¥,

i and 0 both even Use half-angle identities 1o transform the integrand into a

nonnegative integers polynomial in cos 2v, and apply the preceding strategies once
again to pawers of cos 2v greater than |
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Redu

Assume 1 is a positive inte

on Formulas
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THEOREM 8.1 Imtegrals of tan x, cot ;

/::mnra’.n = =In|cosx| + C = In|secx| + C /uu[ xdv = In|siny| + C

/wr vdy = In|secx + tanx| + C /uw vdv = =In |escx + cotx| + C
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Table 8.3

& sec® x Strategy

neven Split off sec” v, rewrite the remaining even power of sec © in terms of

tan v, and use o = wn ¥,
m odd Split of sec v tan x, rewrite the remaining even power of L xin

terms of sec v, and use n = sec .

meven and # odd Rewrite the even power of Lan v in terms of se

mial in sec v apply reduction formula 4 o each term

v b0 produce a polyno-
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Trigonometric Substitutions
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Figure 8.3
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Figure 8.4
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Figure 8.5

v = g sin b

¥ = g tan @
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Table 8.4

The Integral
Contains ... Corresponding Substitution Useful Identity
a® - x? v=asinf.——~ s 8= forls] sa o —asin®H = a’cosld
a’ + x? ¥ i lan 8, ‘ " - a® 4 a’ tan® @ a’sec’
0=48 r=ada
o — v = g sec, a*sec’d — g’ = alun’e
=< § = 7, forx a
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f=tan"' =
X
a
x
v=atanf ==0=1n"' =
T<i-
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Figure 8.8

tan f = 2x

secl =41+ 4y
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Figure 8.9
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8.5

Partial Fractions
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mrethod of
k1 partial fracti

Easy to integrate
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PROCEDURE  Partial Fractions with
Suppose f{x) = p(x)/g(x). where p and g are polynomials with no common
factors and with the de of p less than the de of ¢. Assume that ¢ is the
product of simple linear factors, The partial fraction decomposition is obtained
as follows.

aple Lin Facto

Step 1. Factor the denominator ¢ in the form (v — v )(x — ) (v — r )
where ... r,, are real numbers.

Step 2. Partial fra
by writing

n decompaosition Form the parial fr:

tion decomposition

P A A _
gix) (x—-n) (r—-r) S x=r)

Step 3. Clear denominators Multiply both sides of the equation in Step 2 by
g(x) = (x = r){x = ra)- - (x — r,). which produces conditions for

Apciyiy

Step 4. Solve for coefficients Equate like powers of x in Step 3 to solve for the
undetermined coefficients Ay, .. .. A,
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PROCEDURE Partial
Suppose the repeated linear factor (x — r)" appears in the denominator of a
proper rational function in reduced form. The partial fraction decomposition has a
partial fraction for cach power of (x — r) up to and including the mth power: that
is, the partial fraction decomposition contains the sum

Ay A, As A,

G- G- - Tl-n

for Repeated Linear Factors

where Ay ..... are constants 1o be determined,
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PROCEDURE Partial Fractions with

imple Irreducible Quadratic Factors
Suppose a simple irreducible factor ax® + bx + ¢ appears in the denominator
of a proper rational function in reduced form. The partial fraction decomposition
contains a term of the form

Av + B

ax* + by + ¢’

where A and B are unknown coefficients 1w be determined.
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SUMMARY  Partial Fraction Decomposit
Let f{x) = p{x)/q{x) be
the denominator ¢ has been
positive integer.

proper rational function in reduced form. Assume
ctored completely over the real numbers and m is a

1. Simple linear factor A factor x r in the denominator requires the pantial

fraction
X

2. Repeated linear [
requires the par

ctor A factor (v — r)™ withm > | in the denominator
al fractions

Ay Az Ay A,
(x=r) (x=r)? (x=1r) [
mple irreducible quadratic factor An irreducible f + by + ¢
in the denominator requires the partial fraction
Av + B
ax? + bx + ¢
continued...
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4. Repeated irreducible quadratic
ible factor (ax= + by + ¢)™
partial fractions

tor (See Exercises 83-86.) An irreduc-
withm = 1 in the denominator requires the

Apx + B _ Asx + B, A

B,

av + by + ¢ (ax’ + by + ) (ax® + by + ¢)
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8.6

Other Integration Strategies
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Figure 8.10
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Figure 8.11
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8.7

Numerical Integration

AIFATH IFAER MC Copyright © 2013 Pearson Education, Inc. PEARSDM 34

ve Error

DEFINITIONS Absolute and Re
Suppose ¢ is a computed numerical solution to a problem having an exact solution .
There are two common measures of the error in ¢ as an approximation 1o .x:

absolute error = ¢ — x

and

. le—x 3
relative error = (ifx #= 0).
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Figure 8.12
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DEFINITION Midpoint Rule

Suppose f is defined and integrable on I_r!. b The Midpoint Rule appr
to [ fx)dy using n equally spaced subintervals on [a. b] is

M(n) = fim)Ax + flm)Ax + -+~ + flm,)Ax

E I'( 2 de L ]_\.1.

where Ax = (b — a)/n, 5 = a + kAx, and my is the midpoint of [ 3. x|, for
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Figure 8.13

Midpoint Rule with n = 4
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Figure 8.14
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DEFINITION Trapezoid Rule

Suppose f is defined and integrable on [a, b]. The Tr

id Rule appr

4] II’_I'.l[| ) ddx using it equally spaced subintervals on [a. b] is

. 1 k= l \
T(n) = (’m..u + 2 M) + ,r<_~..1)_\\.
2 = 2
where Av = (b= a)/nand x, = a + kAxfork=0.1,..., .
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Trapezoid Rule with n = 4
d fix) =
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" M)
4 0.26683456310319
£ (.26489 148795740
16 (.2644038360031 8
32 0.26428180513718
64 0264251290019
128 (L26424 36600

Table 8.5

T(n)
0.25904504019141
0.26293980164730
0.26391 564450235
00,2641 59740447
0. 264220772792

(.26423603 [ 40581
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Error M{n)

000259
0000650
0.000163
00000407
OO000102
000000254

Error T(n)
0.00520
0.00130
0.000325
00000814
(L2203

OIS
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Table 8.6

World Ol Production
(billions barrels /yr)
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Figure 8.16
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DEFINITION Simpson’s Rule

Suppose f is defined and integrable on [a, b], The Simpson's Rule appro:

to f,f(x) dx using n equally spaced subintervals on [a, b] is

) A
S(n) = M) + 4x) + 2(x) + 406) + -+ H(x-) + )] "-

where u is an even integer, Av = (b — a)/n, and x, = a + kAx. for
k=01, .., n. Alternatively, if the Trapezoid Rule approximations 7(2n) and
T(n) are known, then
4T(2n) — T(n)
S(2n) = z .
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Table 8.7

n T(w) S(m) Error T(n) Error S(w)

4 (259504019141 0.00520

8 (1L.262939801 64730 0,26423805546593 000130 OLO0000306

16 0.26391 564480235 0,264 24092 585404 0000325 DLO00MN0 192

12 0L.264 1597404 T 0.264241 10566291 00000814 OLO000000 ] 200
! 0.26422077279247 0.264241 1165738 00000203 000000 TS0
128 1.26423603 140581 0.264241 11761026 000000508 00000000469
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THEOREM 8.2  Errors in Numerical Integration

nd that & is a real number
ibsolute errors in approximating the

Assume that (" is continuous on the interval [a, b

such that | f"(x)| < &, forall x in [a, b|. The

integral [ f(x) dx by the Midpoint Rule and Trapezoid Rule with # subintervals
satisfy the inequalities

k(b — a) )
"y X5

: ; i kb —a)
Ey =- —(Ax)* and Ep — (A

24 o

respectively, where Ax = (b — a)/n.

Assume that f1*) is continuous on the interval [a, h_‘ and that K is a real
number such that | f*'(x)| < K on j'u’.J'rf. The error in approximating the inte-
gral J' :hil.rl dv by Simpson’s Rule with n subintervals satisties the inequality
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3.8

Improper Integrals
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Figure 8.17
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DEFINITIONS Improper Integrals over Infinite Intervals
: v
L. If f is cominuous on [a, =), then

/rmrn: lim /Hl!l.h. v = fix)
e

provided the limit exists.

2. If f is continuous on (— 3 fJ:. then

/Nl]d\— lim /.'[H:h.

provided the limit exists.

continued...
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3. If f is continuous on (==, = ), then

/_f[.n]u’\ = Iijn_ /r'[mh

[ ) d, “| 2 ¥

provided both limits exist, where ¢ is any real number.

In each case, if the limit exists, the improper integral is said to converge;
if' it does not exist, the improper integral is said o diverge.
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Figure 8.18
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Figure 8.19
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Figure 8.20
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Figure 8.21
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DEFINITIONS Improper Integrals with an Unbounded Integrand

1. Suppose [ is continuous on (a, b] with
lim f{x)}) = * =, Then

/r[.llr.f.\ = lim /."r_.l'u.".l.

provided the limit exists,

p— {
i a i h X
continued...
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2. Suppose f is continuous on [a, b)
with lim_f{x) = £ =, Then

/_H\Jrh = lim /.'i\"u.f_u.

provided the limit exists.

continued...
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3. Suppose [ is continuous on [a, b] 3
except at the interior point p
where f is unbounded. Then

|

provided the improper integrals 1
on the right side exist

o

flx)de = /n’[.l?:h + [H\)J.l.

[

ase. if the limit exists. the
improper integral is said (o converge: if it
does not exist, the improper integral is said 1o diverge.

In cach
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Figure 8.24
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