Calculus

Chapter 8

Integration Techniques
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8.1

Basic Approaches

8.2

Integration by Parts

Integration by Parts

Suppose that 1 and v are differentiable functions. Then

/u dv = v — /1' du.

Integration by Parts for Definite Integrals
Let u and v be differentiable, Then

b b b
[rnf.\'}\"[.l‘}:!r = u(.l‘]\'(.\')l - [r(.\'}u'{.r] dx.




Integral of In x

[ln xdx=xlnx—-x+C

8.3

Trigonometric Integrals

Reduction Formulas
Assume /1 is a positive integer.
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Table 8.2

Strategy
Split off sin v, rewrite the resulting even power of sin
o and then use i = cos v,

of cos
Split off cos x, rewrite the resulting even power of cos v in terms.
of sin v, and then use o = sinx.

Use half-angle idemtities 1o transform the integrand into a
polynomial in cos 2v, and apply the preceding strategies once
again to powers of cos 2v greater than |

THEOREM 8.1 Integrals of tan x, cot x, sec x, and cscx
jmn.rd.r = =In|cosx| + C = In|secx| + C /m[_\-d_\- = In|siny] + C

fsec.\'.r.i'.\' = In|secx + ny| + C fu:sc.\'d\' = =In|escx + cota] + C




Table 8.3

[ tan® x sec” x di Strategy
o even Split off sec® x. rewrite the remaining even power of sec x in terms of
tan v, and use o = wn oy
m odd Split ofl s

terms of se
m even and # odd Rew

tan &, rewrile the remaining even power of L xin
c, and use 0= sec

ven power of tan v in terms of see v to produce a polyno-
mial in sec v apply reduction formula 4 w each term,
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8.4

Trigonometric Substitutions
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Table 8.4

The Integral
Contains... Corresponding Sul Useful Identity
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8.5

Partial Fractions




PROCEDURE  Partial Fractions with Simple Linear Factors

Suppose f(x) = p(x)/g(x). where p and g are polynomials with no commeon
factors and with the degree of p less than the degree of ¢. Assume that g is the
product of simple linear factors, The partial fraction decomposition is obtained
as follows.

Rational function Partial fraction decomposition Step 1. Factor the denominator ¢ in the form (v — #)(x — )= (x — n).

W N;ﬂm‘im 1 2 where ry..... r,, are real numbers.
T x=2 = x+4 Step 2. Partial fraction decomposition Form the partial fraction decomposition
by writing
Difficult to integrate Easy to integrate px) A As A,

3x 1 2 T iy ey P

[ - f (545 ) & 0@ " -n)  -n) -1

Joxt 4 2e—8 X2 x4

Step 3. Clear denominators Multiply both sides of the equation in Step 2 by
g(x) = (x = r)(x = rs)- - (x = r,). which produces conditions for
Ay

Step 4. Solve for coefficients Equate like powers of x in Step 3 to solve for the
undetermined coefficients A, ..., A,

PROCEDURE  Partial Fractions for Repeated Linear Factors
Suppose the repeated linear factor (v — r)" appears in the denominator of a
proper rational function in reduced form. The partial fraction decomposition has a
partial fraction for each power of (x — ) up to and including the mth power; that
is, the partial fraction decomposition contains the sum
Ay N As " As " N A,

G=-n" - -1 (x=n"

where A,..... A, are constants 10 be determined.

PROCEDURE Partial Fractions with Simple Irreducible Quadratic Factors
Suppose a simple irreducible factor ax® + bx + ¢ appears in the denominator
of a proper rational function in reduced form. The partial fraction decomposition
contains a term of the form
Av + B
a’ + b+ ¢

where A and B are unknown coefficients 1w be determined.

SUMMARY  Partial Fraction Decompositions

Let f(x) = p{x)/g(x) be a proper rational function in reduced form. Assume 4. Rep dirr : ible quadratic factor (See Exercises 83-86.) An imeduc-
the denominator ¢ has been factored completely over the real numbers and m is a ible factor {ax= + by + €)™ withm = 1 in the denominator requires the
positive integer. partial fractions
1. Simple linear factor A factor v — rin the denominator requires the partial Ax + B A+ B, At + B,
) A ; e R -
fraction ry— ax+ by + ¢ (ar” + by + ) (ax= + by + ¢)"

2. Repeated linear factor A factor (v — r)™ withm > 1 in the denominator
requires the partial fractions

Ay

o A .

x=r) (x=1r)

+ A T ...A"'..
(x=r) (x =)™

3. Simple irreducible guadratic factor An irreducible factor ar’ + by + ¢
in the denominator requires the partial fraction
Ax+ B

ax? + by + ¢

continued...




8.6

Other Integration Strategies

Figure 8.11
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DEFINITIONS Absolute and Relative Error
Suppose ¢ is a computed numerical solution to a problem having an exact solution x.
There are two common measures of the error in ¢ as an approximation 1o v
absolute error = ¢ —
and
|

€=
relative error = |- —— (ifx 7 0).

W
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8.7

Numerical Integration

Figure 8.12

Height of &M rectangle = fim,)
v Area of £ rectangle = fim,) A

I

V= fix)

(4] “i"fl'? N ,f.-l T b ¥

myom, "y

K
Midipeain Rule: | fxd dv == fim Me + fimy e + = + fim, )Ax
“u




DEFINITION Midpoint Rule
Suppose f is defined and integrable on [a. b]. The Midpoint Rule appr

P

0 _I:Jf[.r] dx using n equally spaced subintervals on [a, b] is
M{n) = flm)Ax + fm)Ax + -+ + f{m,)Ax

=1

where Av = (b — a)/n,.x = a + kAx, and my is the midpoint of [x;._ ;. x,], for
R= aan

Figure 8.14

Area of B trapezoid
Fly _ )+ flxg)
3

= A L A,

AP

B
Trapezoud Rule: [_,flnrh - [;-f!.l”} F L)+ ek fl )+ ;_r’l.\"}l.h

Figure 8.15
Trapezoid Rule withn = 4
fix) =2
1o
124+
L o _‘_4’
i | fix)
T Ax =05 | flxg) l
— e
L : 1 2 25 3 35 4 v
.\"I .l'l X 3 X 3 X 3

Figure 8.13

Midpoint Rule with n = 4

DEFINITION Trapezoid Rule
Suppose [ is defined and integrable on [, b]. The Trapezoid Rule approximati
10 () dv using i equally spaced subintervals on [, b] is

T(n) = (;f(.--.,} # ;_E__';J'(.n) + ;_r(.-..;).\.,

where Ay = (b — a)/nand x, = a + kAx.fork = 0.1.....n

Table 8.5

" M) T(n) Error M) Error T(n)
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World Ol Production
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Table 8.7

DEFINITION Simpson’s Rule
Suppose [ is defined and integrable on [a. b]. The Simpson’s Rule approximation

10 _er,f’{.\ ) elx using a equally spaced subintervals on IH’. !}] is o T() S(n) Error T(n) Error 5{u)
; ) ) ) ) Ax 4 02594504019141 0.00520
S(n) = [flx) + 4f(n) + 2A(x) + ) + o+ ) + ()] 3+ § 026293980164730 026423805546593 000130 0.00000306
) ) ) 16 026391564480235  0.26424002585404  0,000325 0,000000192
where s is an even integer, Av = (b — a)/n.and xp = a + kAx. for 32 026415974044777  0.26424110566291 D.0000814 00000000120
k= 0.1, ....0 Alternatively, if the Trapezoid Rule approximations T(2n) and e 0.26422077279247 0264241 11690738 00000203 0000000000750

T(n) are known, then 128 0.26423603140581 0264241 11761026 DOBOOOSOH 0000000000469

THEOREM 8.2 Errors in Numerical Integration

Assume that " is continuous on the interval [a, b] and that & is a real number
such that | f"(x)| < k. for all x in [a, b]. The absolute errors in approximating the
integral Iﬁ:‘f(.l’} v by the Midpoint Rule and Trapezoid Rule with n subintervals

satisfy the inequalities
k(b — 4 k(b — 5
Ey = (—4")[.\.\'}‘ ad Ep=BE—0)y 0 8 . 8

2 12

respectively, where Ax = (b — a) /n.

Assume that /1) is continuous on the interval [a, &) and that K is a real
number such that | f#)(x)| < K on [a, #]. The error in approximating the inte- Improper Integrals

gral ,Ir_:'f(r} dv by Simpson’s Rule with n subintervals satisfies the inequality
Kb —a)
180

Es= (Ax)*.
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3. If [ is continuous on {—=, = ), then

/_.f{.\') dy = lim_ fhf(.l'} dy

b |
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provided both limits exist, where ¢ is any real number.

In each case, if the limit exists, the improper integral is said to converge;
if' it does not exist, the improper integral is said o diverge.
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DEFINITIONS Improper Integrals over Infinite Intervals
)

L. If f is continuous on [a. =), then

®

= '
flx)ydy = iII' Sflx) dv,

|I1rltwid1:d the limit exists.

2. If f is continuous on (—=, b], then

h.f(-\')d.l'= lim bf(.\')h‘.l'.
[ swras= [

ﬁnwidrd the limit exists.
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2. Suppose f is continuous on [a. b)
with |1'I':'I_ flx) = L=, Then

b s
f flx)dx = I_I.F:'l f Slx) dx,

provided the limit exists.
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DEFINITIONS Improper Integrals with an Unbounded Integrand
1. Suppose f is continuous on (a, b] with ¥
lim f(x) = %=, Then

r—ser

;i [ bf(-\')dl = lim f f,,|r(.\-)nh‘

provided the limit exists.

continued...

3. Suppose f is continuous on [a, b] ¥
except at the interior point p
where f is unbounded. Then

b p »
de = | flx)dx + S(x) dv.
”f(l dx _/: () ey /; x) el

provided the improper integrals —
on the right side exist.

: AR . T
In each case, if the limit exists. the " ik

improper integral is said (o converge: if it
does not exist, the improper integral is said 1o diverge.
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