456 Chapter 8 General Linear Transformations

Exercise Set 8.1

In Exercises 1-2, suppose that 7 is a mapping whose domain

is the vector space My,. In each part, determine whether 7 is a
linear transformation, and if so, find its kernel.

1.

2.

(a) T(A) = A
(©) T(A)=A+ AT

(b) T(A) = tr(A)

(@ T(A) = (A
(c) T(A) =cA

() T(A) = 022

In Exercises 3-9, determine whether the mapping 7 is a linear

transformation, and if so, find its kernel.

3.

4

10.

11.

12.

13.

T:R?>— R, where T(u) = ||ul|.

T: R?>— R?, where v, is a fixed vector in R® and
T(u) = u X vp.

. T : M>, — M»;, where B is a fixed 2 x 3 matrix and

T(A) = AB.

. T: My, — R, where

(a) T<|:z Z]) =3a—-4b+c—d
(b) T([‘C’ Z]) —a’+ b

. T:P,— P, where

(@) T(ap + arx + ax?) = ap + a(x + 1) + ax(x + 1)

(b) T(ag + ayx + a,x?)
= (ao+ 1) + (a1 + Dx + (a + x?

. T:F(—%, ) — F(—x, »), where

(@) T(f(x)) =1+ f(x) (d) T(f(x)) = f(x+ 1)

. T:R*— R”, where

T(ay, ay,az,...,a,,...) = 0,a9,ay,a,...,4,,...)

Let T:P,— P; be the linear transformation defined by
T(p(x)) = xp(x). Which of the following are in ker(7")?

(a) x? () 0 © l+x d) —x

Let T: P, — P; be the linear transformation in Exercise 10.
Which of the following are in R(T)?

(@) x + x? (b) 1+ x (c) 3 —x? (d) —x

Let V be any vector space, and let 7: V — V be defined by
T(v) = 3v.

(a) What is the kernel of 7'?

(b) What is the range of T?

In each part, use the given information to find the nullity of
the linear transformation 7.
(@) T:R>— Ps has rank 3.

(b) T: P,— P; hasrank 1.

14.

15.

16.

17.

18.

19.

20.

21.

(c) Therange of T : M,,, — R*is R>.

(d) T: M5, — M>, has rank 3.

In each part, use the given information to find the rank of the
linear transformation 7.

(a) T:R”— M3, has nullity 2.

(b) T: P;— R has nullity 1.

(¢) The null space of T: Ps— Ps is Ps.

(d) T:P,— M, has nullity 3.

Let T': My, — M>; be the dilation operator with factor k = 3.

Find T b2
(a) Fin 4 3]

(b) Find the rank and nullity of T'.

Let T : P, — P, be the contraction operator with factor
k=1/4.

(a) Find T(1 + 4x + 8x?).

(b) Find the rank and nullity of T'.

Let T: P, — R> be the evaluation transformation at the se-
quence of points —1, 0, 1. Find

@ T(x?) (b) ker(T') (© R(T)

Let V be the subspace of C[0, 2] spanned by the vectors 1,
sinx, and cos x, and let T: V — R? be the evaluation trans-
formation at the sequence of points 0, r, 2. Find

(a) T(1 + sinx + cosx) (b) ker(T)

() R(T)
Consider the basis § = {v;, v,} for R?, where v; = (1, 1) and

v, = (1,0), and let T: R> — R’ be the linear operator for

which
T(vi) =(1,=2) and T(v,) =(-4,1)

Find a formula for T(x;, x,), and use that formula to find
T(5, =3).

Consider the basis S = {v;, v»} for R?, wherev, = (=2, 1) and
v, = (1, 3), and let T : R> — R be the linear transformation
such that

T(v;) =(—1,2,0) and T(v2) = (0,-3,5)
Find a formula for T(x;, x,), and use that formula to find

T2, =3).

Consider the basis S = {v, v, v3} for R?, where
vi=(,11), vo»=(1,1,0), and v;=(1,0,0),
T : R® — R? be the linear operator for which
T(v)) = (2,—-1,4), T(v,)=(3,0,1),
T(v;) = (-1,51)

and let

Find a formula for T(x;, x,, x3), and use that formula to find
T2,4,—1).



22.

23.

24.

25.

26.

27.

28.

29.

Consider the basis § = {v;, v», v3} for R?, where
vi=(,2,1), v»2=(2,9,0), and v; = (3,3,4), and let
T : R?® — R? be the linear transformation for which

T(v)) =(1,0), T(v)=(=1,1), T(v;)=(0,1)

Find a formula for T(xy, x», x3), and use that formula to find
T(7,13,7).

Let T : Py — P, be the mapping defined by
T(ay + arx + axx® + asx’) = 5ay + azx*

(a) Show that T is linear.
(b) Find a basis for the kernel of T'.
(¢) Find a basis for the range of T'.

Let T : P, — P, be the mapping defined by
T(ay + a;x + axx?) = 3ay + a;x + (ag + a;)x>

(a) Show that T is linear.
(b) Find a basis for the kernel of 7.
(c) Find a basis for the range of T'.

(a) (Calculus required) Let D: P; — P, be the differentiation
transformation D(p) = p’(x). What is the kernel of D?

(b) (Calculus required) Let J: P; — R be the integration trans-
formation J(p) = fjl p(x)dx. What is the kernel of J?

(Calculus required) Let V = Cla, b] be the vector space of
continuous functionson [a, b],andlet T : V — V be the trans-
formation defined by

T(f) = 5f(x) + 3[ f(®)dt
Is T alinear operator?

(Calculus required) Let V be the vector space of real-valued
functions with continuous derivatives of all orders on the in-
terval (—o, ), and let W = F(—o, «) be the vector space of
real-valued functions defined on (—o, ).

(a) Find a linear transformation 7:V — W whose kernel
is P 3.

(b) Find a linear transformation 7:V — W whose kernel
is P,.

For a positive integer n > 1, let T: M,,, — R be the linear
transformation defined by 7 (A) = tr(A), where Aisann X n
matrix with real entries. Determine the dimension of ker(7T').

(a) Let T:V — R? be a linear transformation from a vector
space V to R3. Geometrically, what are the possibilities
for the range of T'?

(b) Let T: R®— W be a linear transformation from R> to a
vector space W. Geometrically, what are the possibilities
for the kernel of T'?
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30. In each part, determine whether the mapping 7: P, — P, is
linear.

(@ T(p(x)) = plx+1)
(b) T(px)) = p(x) + 1
31. Let vy, vy, and v; be vectors in a vector space V, and let
T:V — R? be a linear transformation for which
T(vi) =(1,-1,2), T(v2) =(0,3,2),
T(v3) = (=3,1,2)
Find T(2v; — 3v, + 4v3).

Working with Proofs

32. Let {vi, vp,...,v,} be a basis for a vector space V, and let
T:V — W be a linear transformation. Prove that if
To) =Tvn) = = T(v,) = 0

then T is the zero transformation.

33. Let {vy, v2,...,v,} be a basis for a vector space V, and let

T:V — V be a linear operator. Prove that if
Tvi)=vi, T(v2)) =Va, ..., T(vy) =,

then T is the identity transformation on V.

34. Prove: If {vi, v, ..., v,} is a basis for a vector space V and

Wi, Wy, ..., W, are vectors in a vector space W, not necessarily
distinct, then there exists a linear transformation 7:V — W
such that

T(vi)) =w, T(vy)=wa, ..., T(v,)=w,

True-False Exercises

TF. In parts (a)—(i) determine whether the statement is true or
false, and justify your answer.

(a) If T(cyvy + c2v2) = ¢1T(vq) 4 2 T(v,) for all vectors v; and v,
in V and all scalars ¢, and ¢,, then T is a linear transformation.

(b) If v is a nonzero vector in V, then there is exactly one linear
transformation 7 : V — W such that T(—v) = —T(v).

(c) There is exactly one linear transformation 7:V — W for
which T(u 4+ v) = T(u — v) for all vectorsu and vin V.

(d) If vy is a nonzero vector in V, then the formula 7(v) = vo + v
defines a linear operator on V.

(e) The kernel of a linear transformation is a vector space.
(f) The range of a linear transformation is a vector space.

(g) If T: Ps— M>; is a linear transformation, then the nullity of
T is 3.

(h) The function T : M5, — R defined by T(A) = det A is a linear
transformation.

(1) The linear transformation T : M, — M», defined by

1 3
T(A) = [2 6]A

has rank 1.



