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Limits and Derivatives Formulas

1. Limits Power rule
Properties d (xn) —
if lim £ (x) =/ and lim g(x) =m, then dx
x—a x—a Chain rule
lim| f(x)X g(x)|=Ilxm d , ,
lim| ] (7 (g() = (s0)g'o
lim[ f(x)-g(x)]=1-m
x—a Common Derivatives
limf(x):i where m #0 d(c)—O
g(x) m dx
limce- f(x)=c-1 d
x—a —(.X) =1
. 1 dx
lim =— where [ #0 d
=a f(x) — (sinx) =cosx
dx
Formulas
d )
Ly —(cos x) = —sinx
lim(1+—J —e dx
X—o0 n
i(tanx) = =sec’ x
dx Ccos” x

1
lim(1+n) =e

X—00

— (secx) =secxtan x

lim > = dx
xX— X
tan x i(csc x) =—csceotx
lin(} =1 dx
xX— X
1 i(cotx)z— 5 =—csc” x
lim COsSX=" _p dx sin” x
X—> X
n___n i(sin_l _x) = 1
lim =na"" dx 1-x*
xX—a XxX—da
"—1 i(cos_1 x) __
lim =Ilna dx 1— 52
x—0 X 1
i(tan_1 x) =
: - dx 1+ x?
2. Common Derivatives J
Basic Properties and Formulas I (ax) =a'lna
(¢f) =¢f' () i(ex):ex
, dx
(f+g) =fW+g'(x) =L xso
Product rule dx x
’ , , d
(fg)=rfg+fs ~(infx)=—, x=#0
i I
Quotl,ent rule i(log x) o .
[ij _fe-f-g dc' o xna’
8 g2



Any rational function is continuous where it is defined on its domain.
y y={(x) Basic Limit Evaluations at +oo

*—=0 %=oo axow=0 0xo0w=0 (a#0,a<»)

8 1=

1. limax=alimx=aXx o =0 (a<»)
X—00 X—00

limf(x) =L .

x-a 2. lima=a

x—00
—> | «— 3. lim—===0
X—00 o
_> 4—
left right 4. lim,_,, f(x) = oo ;  no Horizontal asymptotes
X=a > 5. lim[a,x™+...4+a;] = lim a,x" find the highest power
X—00 X—00
Relationship between the Limit and one-sided limits @ lim m x: —0 ifa<b
(left (a™) & right (a™)) xoenx
a
lim f(x) = imf(x) =L = lim f(x) @ lim—— =" ifa=b
x-a* x-a x-a x>0 N X n
. mxa — . .
Properties ® Jltlﬁr?o o o ifa>b noHorizontal asymptotes
1. )1(1:1[11 c=c¢ (m,n,a,& b are real numbers)
. : x — : x —
2.lim f(x) = f(a) 6 Jmet=c  [lime=
(f(x) =a polynomial or rational func. in the domain of x) 7. ,](IP; In(x) = o xliI_I]m In(x) = —oo
3. lim [c f(x)] = ¢ lim f(x)
x—=a x—-a
4. 1im [f)+ g(x)] = lim f(x) + lim g(x) Limit at Infinity: Horizontal asymptotes
x—a xX—a x—a
[o0]
5. lim [f(x)g(x)] = lim f(x) lim g(x) Jl(l_}rg f(x) ; o Indeterminate form
x—=a x—a x—a
im L& =28
6- M o0 = imgeo I #0)
7. lim f(g(x)) = f (lim g(x))
x—=a x—a
8. lim [f(x)]"* = [lim f(x)]"
x—=a x—=a
9. lim /(f(x)) = /}(Iy}l fx)
Indeterminate Forms:
02 (-, (0 x), 17,07, a0
(When a limit of rational func. has an indeterminate form, Find Vertical Asymptotes  ( lim f(x) = + © form)
X—00

Simplify the func. by common factors between numerator and denominator.)
1. Simplify the func. by common factors between numerator and

fG) = g() - limf(x) < limg(x) denominator.

i = &) _
Squeeze Theorem 2. Make the denominator =0 for x prees px)#0 & q(x)=0

fG) < g(x) <h(x) = )1(1211 flx) = )1(1211 h(x) = L 3.x = a s the Vertical Asymptotes.

= limg(x) =L
xma Limit of Trigonometric Functions

in 6 0
Absolute function 1. lim e 1 lim — =1
6-0 6 6-0sin 6
fx) =1lx—c| 2. limsinf = 0
1. -(x-¢) if x<c b0
2. 0 if x=c¢ 3. 1911130059 =1 L’fécose =
3. x-c if x>c¢ tan 6
4. limtanf = 0 lim =
6-0 6-0 6
Prove Continuous atx =a of f(x) cosf—1
5 lim——— =0
1. f(a) exists. f(a) is defined at x=a >0 8
2. lim f(x) exists. lim f(x) = lim f(x) 6. leiE% secd =1
x—a x—-a x—a .
3. f(a) = limf(x) then f(x) is cont.at x = a 7. lim sinaf =2 im tanag =2
x-a 6-0sinb @ b 6-o0tan b 6 b

Any polynomial is continuous everywhere all x.
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Definition of the number e

h-0 h
1
2. e = lirr(l)(x +1)x ~ 2.7182818
X

= lim(1+35"  (whenl=0)
n—oo n x

Slope; m

1. m>0 / positive

2. m<0 \ negative

3 m=0 <4—» Horizontal

4 m=oo I

Derivatives and Rates of change

Vertical = no slope

A

(x+h, f(x+h))
(x, f(x))

v

N X+h »

fx+h) — f(x)

The slope of secant line = h

= average rate of change or different quotient

The slope of tangent line = m (of f(x) at x=a)

li fx+h)— f(x)
m———F—-—-
h—0 h

im /)~ f@
= lim—————
x-a X —a

= Velocity of f(x) as v

(limit of difference quotient or Derivative of f(x) at x=a)

An Equation of Tangent Line

Use the given f(x) p(xy,¥1)

1. Find slope m

fG+n) - f()
h

fGx) = lim
2. Find f(x;)=m
3. y-y; = m(x-x;) -->tomake y=ax+b form

Differentiable at x

P = DI

Provided the limit exists.

We say that the func. y = f(x) is differentiable at x

Derivatives of y =f (x)

. dy _ d
y == 7 =—f(x)
Differentiable at a = continuous at a
No differentiable the f(x) could be continuous or not

No Limit, No differentiable

No Differentiable

o i

1 |
\ .
corner discontinuous

tangent line(/m)=vertical f'(x) =

a slope of secant line

a slope of tangent line

y = p(X) = a polynomial degree n

Derivatives; y™ a const.
y"*1 =0 subsequent derivatives
ex) y=x* y" = 24x, y¥* = y5=0
y=8cosx y = -8sinx y”’=-8cosx y"” =8sinx y*=8cosx
y=2sinx y' =2cosx y"'=-2sinx y” =-2cosx y*=2sinx

The Linear approximation = a tangent line approximation
The Linearization ofatay =f (x)

y=mx—x)+y p(x.,y) m=f®

Lx) = f(@x-a)+ f(a)

The differentials dy by using L(x)=f’(x)(x-a) + f(a)
L) =" -a) + f(a)
fx+Ax) = f'(x)Ax + f(x)

The differentials dy by using L(x)=f’(x)(x-a) + f(a)

A a tangent line
f(x+h) (x+h, f(x+h))
(dx,dy) }d}’ y=h
*— >
- odx S
Ax=x+h—-—x=h=dx Ay # dy

but Ay =f(x+h)—f(x) = dy = f'(x)dx = f'(x)Ax
dy_ . fOtD = fe) =M+ fG)
dx h-0 h Ax—0 Ax
L) =f'()x—-a)+ f(a)
flx+Aax) = f'(xX)(x+Ax —x) + f(x) = f'(x)Ax + f(x)

s fx+Ax) = f'(0)Ax + f(x)

ex) sin(0.04) Find Approximate the function
Let's say sin 0.04 = sin(x + Ax) = sin(0 + 0.04)
f(0)=sin0=0 f'(0)=cos0=1
(x of L(x) is 0 because 0.04 is closest to 0)
L(x) = f(x + Ax) = f'(x)Ax + f(x)

= £'(0)-0.04 + £(0) = 1-0.04 + 0 = 0.04

0.015 —0015 — H(+AX) = ,(0+(-0.015))

ex)e” — Let'ssay e
fO=¢e"=1 f'(0)=¢€e=1

(x of L(x) is 0 because -0.015 is closest to 0)
L(x) = f(x + Ax) = f'()Ax + f(x)

= f'(0) - (—0.015) + £(0) = 1-(—0.015) + 1 = 0.985
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Differentiation Formulas

1.

Z.EX=1

3. Constant Multiple Rule :—x cf(x) = cf'(x)

4. Sum & Difference Rule ;—x [fx)+gx)] = f'x)+g'x)
Xty

d d
5. Natural Exponential Func. —e* =e* —e*tY =
p dx (dx 1—eXty )

d _ .
6. Power Rule - x™ = nx™ ! (nis any real number)
X

7. Product Rule ;—x [fx) g®)] = ' () gx) +f(x) g'(x)

_ )90 -fx) g

d f ()
! = @12

8. Quotient Rule
ax Lg(x)

. d _dy du_ | ,
9. Chain Rules &f(g(x)) =% X po f'(g(x)) - g'(x)

D @ =n[fEI )

2) ;_x[ef(x)] =ef®. f(x)

3) Llnfeo]= L2
4) i (£(9) = cos (F()) £'(x)
5) £-cos () = —sin(f()) - f'(x)
6) - tan (f(x)) = sec? (f() f'(x)
7 Lf0-g()-h(x)
=[f () 9GO - h(x) + [ F() - g(O] - (R (x))

(use e* form to solve)

10. — a* = Ina a* a#e
dx
11 dlll—dl(+)—1 >0
.dxnx —dxn_x =7 x
12 d 1 = ! >0
“dx 8e* T Y Thha x
d dy y dy
13_ n — n-1_~7_ - 2=2_
dxy ny dx (dxy ydx)
Derivatives of Trigonometric Func.
1. asinxzcosx
2. acosx=—sinx
3 t 2 !
. —tanx = =—
i anx = sec’x cos7x
4. —cscx = —cscxcotx
dx
d sinx
5. —secx = secx tanx = ——
dx cos?x
6 d = , -1
i cotx = —csc’x = SinPx
d . . cotx —1
7. =—(sinx + cosx) = cosx —sinx = ———
dx cscx
d . cos(x +y)
8 Esm(’”y} T 1-cos(x+y)
d —sin(x + y)
% ECOS(’C”) T 1+sin(x +y)

** sin"'x # —— = cscx **sin@ =x —sin"'x =6
sinx

Derivatives of Inverse Trigonometric Func.

T
.ESIH X = _x2_

;

1
2. —coslx = =

x2—1

dx —xZ Vx?-1

g

3. —tanlx=——
dx 1+ x2

-1
4, —csclx = ———

dx lxlVa? — 1

d
" dx - [x|vVx?2 -1
-1
1+x?

6 d tTly ==
. ECO X ==

Hyperbolic Functions

x —-X

1 sinhy = e —e
) sinhx = >
e +e™*
2
eX —e™*
3) tanhx = ——— =
eX +e7*
1
sinh x
1
coshx
1

tanh x

2) coshx =

sinh x

coshx

4) cschx =

5) sechx =

6) cothx =

sinh0 = 0,

cosh0 =1,

tanh0 =0,

Derivatives of Hyperbolic Functions

1) :_x sinhx = coshx
d .

2) o coshx = sinhx
d — 2

3) o tanhx = sech®x
d

4) o cschx = —cschx cothx
d

5) — sechx = —sechx tanhx
dx
d 2

6) o cothx = —csch

y=sinh™’x o sinhy=x
y= cosh'x & coshy=x
y=tanh™'x & tanhy=x

Inverse Hyperbolic functions

1) sinh™'x =In(x + Vx2+1)

2)cosh™ x = In(x + Vx2 — 1)

1+x

1- x)

Vit x?
)

1+ \/1—x2>
x

1
3) tanh™'x = 3 In(
1
4) csch™lx = ln(; +

5) sech™lx = ln<

1+x
%)

6) coth™? L (
(o0) X=—1n
21—
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(00, )

[1, )

=11

(—0,0) U (0, )

0,1]

sinh1 =~ 1.1752

cosh1 = 1.543

tanh1 = 0.7616

(=0,=1) U (1,0)



Derivatives of Inverse Hyperbolic functions Finding Absolute (Global) Max. & Min values (on a closed interval [a, b])

d 1

1) — sinh™tx = —— 1.f'(x) =0—- Solve for x c, d.. = the Critical Numbers (CN.)=c,d, ..
) dx vx2+ 1

d 1 2.1) f(a) &f(b) from [a, b]
2) gp Cosh™hx = ——— 2) f(c) & f(d) from C.N.

d d 1 3. Max.= the largest value
3) —tanh™x = —coth™x = ——

dx dx 1-x Min.= the smallest value
4 4 scht -1

—csch™tx = ———

dx N 2

VL +x Finding Relative (Local) Max. & Min values on an opened interval

d -1

- -1, — ) —
5) dxsech x s 1.f'(x)=0

a) Solve for x ¢, d... = the Critical Numbers (C.N.)
b) Critical Points: Find f(c), f(d),.. --> (c, fi d, f(d))...

Hyperbolic Identities ) Critical Points: Find f(c), f(d) (e f(c)) (d f())
1) coshx + sinhx = e* 2. Use Arrow diagram
2) coshx — sinhx = e™* a) Draw an arrow line (—oo, )
3) sinh(—x) = — sinhx b) Put C.N, on the line
4) cosh(—x) = coshx ¢) Choose Testing Points (T.P.) on (—oo,C.P.][C.P.,C.P.] [C.P., )
5) cosh?x — sinh?x =1 3. Increasing interval: f'(T.P.) >0 /'
6) tanh?x + sech?x =1 Decreasing interval: f' (T.P.) <0 \
7) coth?x — csch?x =1 4. Find Relative (local) Values Max. ( )atx=( ),
8) sinh(x + y) = sinhxcoshy + coshxsinhy Min. ( )atx=( )

9) cosh(x + y) = coshxcoshy + sinhxsinhy

I I
tanh x + tanh | |
10) tanh(x +y) = _tanhx + tanhy / | \ | /
1+ tanhxtanhy P | . , X . o
M | | | | I i
11) sinh?x = —t cosh2x —oo TP. CP. TP. CP. T.P.
2
1+ cosh2x f(TP)>0 m=0 f(TP)<0 m=0 f'(TP)>0
12) cosh?x = —
13) sinh 2x = 2 sinh x cosh x
14) cosh2x = cosh?x + sinh®x Finding Inflection Points of Concavity Changes
15 1+tanhx 1. Find f'(x)
) 1—tanhx 2.f"(x) = 0

1 n _— o .
16) (sinhx + coshx)™ = sinhnx + coshnx (nisanreal number) Solve for x = Inflection Points LP.
3. Use Arrow diagram
Intermediate Value Theorem

Suppose that f(x) is continuous on [a, b] a) Draw an arrow line (—oo, ) & Put L.P, on the line

Let f(a) <N < f(b) where f(a) # f(b) c) Choose Testing Points (T.P.) on (—oo,I.P.][I.P.,I.P.] [I.P., )
L ) _ 4, f"(T.P.)>0 \/
Then it exists a number c is belong to (a, b) such that f(c)=N

F1(r.P)<0 N

5. Inflection Points: where the concavity changes (I.P., f(I.P.))
|
|

& | ! |

i [ I T
!

|
—o0 T.P. II.P. T.P. I'P. T.P..
f(TP)>0 m=0 f(TP)<0 m=0 f'(T.P)>0

Extreme Values = Absolute (Global) Values
Max. f(c) = f(x); (the largest) for all x in the domain of f

Min. f(d) < f(x); (the smallest) for all x in the domain of f |

continuous on a closed interval [a,b]

Relative (Local) Values
Max. f(c) = f(x) whenxisnearc :x= a&c

Min. f(d) < f(x) whenxisneard:x=b &d

R 4

continuous on a opened interval (—oo, )

A

Some Optimization Problems
1) Suppose that f(x) is continuous on an interval 'T'
where f'(x) = 0 and the x is the only one C.N.
2)If f"(c) > 0 Absolute Min. at x=c
If f"(c) <0 Absolute Max. at x=c

v

|
X =€ X=d| x=a A=b

a, b, ¢,& dare critical numbers where f'(x) = 0 and solve for x
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Simple Apply to Economics' Business

1. Demand Func. = D(x) = p(x) (=Price func. that price per unit)
where x = number of units demanding by consumer at that price 'p.'
p =p(x)

2. Revenue Func.
R(x) = x - p(x) =(sold numbers - selling price)
Max. of Rev. = R'(x) = 0, solve for x

R'(x) = Marginal Revenue Func.

3. The Profit Func.
P(x) = R(x) — C(x)
; C(x) = Cost Func. (P(x); a capital letter P)
Max. of Prof .= P'(x) = 0, solve for x

P'(x) = Marginal Profit Function

Marginal Analysis
1.CostFunc. =C(x)= C(x,) by Polynomial (=total cost)

2.Marginal Cost

¢ (xg+ h) — x (%)

¢~ =

It's called 'Marginal Cost' of producing x, units.

3. Actual cost or Actual Revenue of ¢ (x, + 1)
Ifh=1,then C'(xy) = C(xp+ 1)— C (x0)

*Tip*

1. Marginal ~ = f'(x) ex)R'(x), P'(x), &C'(x)

2. To find Max or Min. of Revenue
1) Find x & p(x)
2)R(x) = x 'p(x)

3)R'(x) =0, solveforx, x=a, @ WhenRevenue hasMax.or Min?

4)R(a)="7? (don'tforget unit) -
(Finding Max or Min. of Profit is the same step)

3. To find Actual Revenue from sale of 4th Unit
DRO) = x -p()
2)x9 =3 (to find 4th value)
3)Find R(4)& R(3)
4)R(4)— R(3)=$( )unit

How to solve a Business Calculus' problem

1. Underline all numbers and functions

2. Find what is the main question (ex) Max. of Revenue

3. Find all elements to solve the func. (ex) R(x) = x - p(x)
(ex)R'(x) =0 solve for x
(ex) 40 thousand dollars

4. Do the next step.

5. Don't forget unit of the answer.

Q; What is Max or Min. of Revenue?

L'Hospital's Rule

lim M = lim O
xoag(x)  xmag'(x)

It's good for 2 or Zforms
0 o
1. Derivative is continuous 'til it doesn't have the % or Eforms.

2. Iflim  f(x) doesn't have% or Eforms, make into the forms

Indeterminate Powers (0°, 0, 1* forms)

Using Derivatives of Logarithmic Func.

u=v u=v u=v
log, u = log, v Inu= Inv et = eV

(Make the same base)

The Intermediate Value Theorem
f(x) is continuous on [a, b] - aclosed interval
Let f(a) < N < f(b), where f(a) # f(b)
Then3 'C" € (a,b)

suchthat f(c) =N

— an open interval

*3 = There exists
* € = Belong to

Rolle's Theorem

1) f(x) is continuous on [a, b]

2) f(x) is differentiable in (a, b)

3) f(a) = f(b)

4) ThenThen3 'C’ € (a,b) suchthat f'(¢)=0__x=c¢
Mean Value Theorem

1) f(x) is continuous on [a, b]

2) f(x) is differentiable in (a, b)

3) f(a) # f(b)

b)—
Hpo=T0T@

f) - fl@= f'Ob-a

Newton's Method
f(xn)
1.f(x)=0, Xnp1 = Xy — o "x)#0
f =T et f
* Xp4q; (n+ Dapprox.of x
X,; nthapprox.of x
f(xo)

2. Suppose n=0, Xg — = x
f'(x0)

ex) x, is given,
Xy — f(xo) - x
f'(x0)

x, — f(x1) = x,
f'x)
SO
Lofie) P

... (cont.)

*Keep repeating it 'til two numbers are very close each other & then stop.
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Antiderivative

y=f
suppose;—x y= :—x flx) = gx)

then f(x) called Antiderivative of g(x) w.r.t. x, then Notation [ g(x) dx

Properties
[ret g ax= [ reodx + [ g ax
fo(x)dx = Cff(x) dx (C is constant)

Basic of Integral

1. fkdx:kx+c

. A+
2. | x dx=n+1+C, (n+-1)

1
3. fx’ldx=f;dx=ln|x|+6
4.fexdx=e"+C
1
5. fe’”‘dsze""+C (k # 0)

o

aX
fa"dxz —+C
Ina

fydx=xy— fydx

Trigonometric Forms

N

1. fsinx dx = —cosx+ C
2. fcosx dx = sinx+C
3. fseczx dx = tanx + C
4. fcsczx dx= —cotx+ C
5. fsecx tanx dx = secx + C
6. fcscx cotx dx = — cscx + C
7. ftanx dx = In|secx| + C = —In|cosx|+ C
8. fcotx dx = In|sinx| + C= —In|cssx|+ C
9. fsecx dx = In|secx + tanx|+ C
10.fcscx dx = In|cscx — cotx|+ C
1

11.fz—dx= tanlx + C

x2+1
12.f;dx = sin'x+C x*<1)

=

1 1 X
13]m dx = Etan (E)‘I' C
14f¥dx=sin‘1(f)+c (x* < a?)
V- a
1 1 x

15._[7 dx= —sec'=+C (x?>a?)

xVx? — a? a a

—cosax
16.fsinax dx = —

Miami Dade College

Exponential & Logarithmic Forms

1
1. fxe’“‘ dx = pr (ax — De™ + C

1 n
2. fx"e‘“‘ dx = — x"e% — — fx"‘le‘“‘ dx
a a

eax

3. ¥ sinbx dx = ————
fe sinbx dx = ———>

(a sinbx — b cosbx) + C
eux

4. fe“x cosbx dx = pr R (a cosbx + b sinbx) +C

L+
5. fx" Inx dx = mF1)e [(m+DInx—-1]+ C

1
6. f dx= In|lnx| + C
x In

=

1
2
f 73 Inlax*+b|+C (a=#0)

1
dx— ln|ax+b|+C (a+0)

flnx dx=xIn(x)— x+C

10J‘ dx _ 11|x+a|+C
J@—x2T 24 Mx—a

11f dx —11| |+c
Jx— a2 2a “xta

Hyperbolic Forms

1. fsinhx dx = coshx + C
2. fcoshx dx = sinhx + C
3. ftanh xdx = Incoshx + C
4. fcothx dx = In|sinh x| + C

5. fsech x dx = tan™!|sinhx| + C

o

fcschx dx = ln|tanh% x| +C

7. fsechzx dx = tanh x + C

8. fcschzx dx= —cothx+ C

9. fsechxtanhx dx= —sechx+ C

10.fcschx coth x dx = — cschx+ C
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Differentiation Formulas

1 4 .-
s
2 d =1 d kx = k
. décx = oy =
3 Ex”=nx"’1
d
4., a@x =e*
d
S.Ea":lnaa" a+e
6dl||—dl(+)—1 >0
.dxnx—dxn_x =3 x
7 dl = >0
“dx 8 * T Y hna x
8. asinxzcosx
9. d—xcosx=—sinx
d
10.d—xtanx = sec?x
d
11.acscx=—cscxcotx
d
12.d—xsecx= secx tanx
d
13.acotx = —csc?x
14 a ., 1
.dxsm x—m
15 d L. -1
.dxcos x—m
16 dt =t
R P
17 d . -1
——CSCT i X = ———
dx |x|[VxZ =1
18 d . 1
—sec X = ————
dx [x|[vx? -1
19 d t7lx = 1
ax Ot YTz
d
ZO.a sinhx = coshx
d )
Zl.a coshx = sinhx
d
ZZ.E tanhx = sech?x
d
23.a cschx = —cschx cothx
d
24.5 sechx = —sechx tanhx
d
ZS'E cothx = —csch?
26 4 g h-t !
.— sinh™'x = ———
dx Vx2+ 1
d
27.— cosh™'x =
dx x2—1
d -1 d -1
ZB.Etanh x = Ecoth x = g
29. L cseht 1
.—csch™x = ———
dx [x|v1+x2
30. L secht 1
.—sechlx= ——
dx xV1—x2

Antiderivative(Integral) Formulas

fkdx=kx+c
xn+1
n — —
J-x dx—n+1+C, (n#-1)
1
fe"dx=ex+6 fekxdx=Eekx+C

ax
**fa"dx: +C
Ina

age— (L2
x~tdx = xdx—ln|x|+C

cosx dx = sinx +C

sinx dx = — cosx + C
sec’x dx = tanx + C

cscx cotx dx = — cscx+ C

secx tanx dx = secx + C

—_— —— ) —— — —

fcsczx dx = —cotx+ C

x = sin'x+C

[

f L x= tant +C f !
PEFE R a’+ x?

1 1 X
fidx= —sec'=+C (x*>a?
X a a

1/X-Z — a?

fcoshx dx = sinhx + C

fsinhx dx = coshx + C

fsechzx dx = tanh x + C
fcschx cothx dx = —cschx + C
fsech x tanh xdx = — sech x+ C

fcschzx dx= —cothx+ C
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x
dx = sin"!—+ C
a

[

(k #0)

(x? < a?)

1 x
dx=—tan"'=+ C (x%*<a?)
a a



Antiderivatives of f(x) = Indefinite Integral

d
f f@dx=FG) & F()=f@) = 2 F()

f(x)is continuous.

F(x) is called Antiderivative of f on an interval /

if F'(x) = f(x)forall x in I.

*Member of the family of Antiderivatives of

Fx)=y=x*+C

C [3x%dx=x*+C

0 =x340
3 =x3+3
-3 =x3-3

(Cis an arbitrary constant.)

The Substitution Rule

l.Letgx)=u

| y=x*+3

/

] — .3
yﬂi. y=x
31/

’_/‘ 1

R ]

/ ; y=x%-3
[ ! ,
7107 »
ifl;
I

-3

2. g(x) is a differentiable func. whose range is an interval |

f iscontinuous on [

3. g(x)= Z—Z - g'(x)dx = du then

» [flaw) gwax= [ra au

w f(g(0) = fQ),

ex)f e *dx

1.Let —x =u,

2. Derivative both sides — 1

3. dx =—du

then

g'(x)dx = du

_du
T dx

fe“—duz—fe“dxz—e“+€= —e ™+ C (because u = —x)

Integral

f Gx+4)2dx
f 4
3—x
ft-ez‘tzdt ;

ft(z +t2)3dt

dx ;

[Grmsp o
(2x—5)* “* 7
fxze‘xgdx ;

et d
t ;
fef+1

x+3
= dx;
Vx2+6x+5

3x+4=u
3—x=u
2—t? =
24+t2=u
2x—5=u
x}=u
ef+1=u

x2+6x+5=u

Substitution

5o

dx

o

dx

o

dt

20 =2

dt

,

dx

du

3x?% = =

du

et = I
2x+6= d_u
dx

d —1d

x = zdu
dx = —du
T
tdt—ld
d —1d

x—zu
24y = Ld
x*dx = Zdu
etdt =du

1
x+3dx:Edu

fxx/x—l dx=fu1/2xdx=fu1/2xdu=fu1/2 (u+Ddu ;

x—1=u, 1

du

=— dx = du,

dx’

x=u+1

Definite Integral

b
ff(x)dx a<x<b

This represents the area |

under the curve y=f(x) bounded by x-axis a b

and the lines x=a and x=b.

1) Left and Right Endpoints

It’s hard to find the area of a region with curved sides,

so we use the idea that the slope of tangent line by slopes of secants lines
and the limit of these approximations.

Suppose we divides S into nth strips and the area A is between left and
right endpoints of the rectangles. (the width Ax of all strips are same.)

+x Right Enfpoints = 7112210 R,, *x Left Enfpoints = 1111_{1;: L,

Area = rllLIE}O R, = 1131; [f(x)Ax + f(x)Ax + -+ f(x,_1)Ax + f(x,)Ax]

= lim L, = lm [FCro)Ax+ FG)Ax + o+ f(xyoi)Ax]

Ex)y = x? is divided by four strips in [0, 1] y=x
LD a QD
y=x*
>
0 ol L 1 3¢
4 2 4
Using left end points  Using right end points

4 4

b—a_l—O 1

Ax is the width of each stip =

The area using Left Endpoints=% [0% + G)Z + G)z + (%)2] = 0.21875

The area using Right Endpoints= > [G)2 + (1)2 + (Z)2 +1%] = 0.46875

2

~ 0.21875 < the Areaof y = x2in [0,1] < 0.46875

2) Sample Points (Reimann Integral; Sample points)
We also find the area with using sample points (any points in each strip).

AY y=f(x)
1
: HE The width (Ax)
é E é E : E of all strips
ik Kx Sit ik are same.
< N R
Xp sl Xl g b
X x3 X X *+ (nth strips)

The height if the i th rectangle to be the value of f(x) at any number x;

in the i th subinterval [x;_, x;] (x;=a+ilAx)

Area = LLI?OZf(x;-‘) Ax = 11113)10 [fxeDAx + f(x5)Ax + -+ f(x)Ax]

i=1
b
- [ 1@ ax=Fm) - F@
= [F() +C1° = [F(b) + €] — [F(a) +C]
3) Midpoint Rule

b n
[ 1o ax = Y p) x = ax(r @)+ + £
4 i=1

b—a 1
where Ax = and x; = 2 (x;_1 + x;) = midpoints of [x;_;, x;]
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Ex) Use theRight endpoint & Midpoint Rule withn = 3
2

1
to approximate f —dx
1

1- Using Right Endpoint
b—a 2-1 1

n 3 3

xo=a=1

Ax =

1 4
n=atilx=1+1--==

3 3
4 1 5
xz:x1+Ax=§+§:§
5 1
x3=x2+Ax=§+§=2
1/ 1 1 1
Ax[f(e) + f(x) + f(x)] = 5(% + %+ E) ~ 0.6167

2- Using Midpoint

0

3

N 1
DI dx =) = Ax= MxIf(R) + f(R) + [(E)]

n=1

wi

1
X1 a+iAx=1+1-§:

1 1 1, 4 7
¥ = E(xi—1+xi): E(xo‘*'?ﬁ)zi(l*‘g):g

X, = X +Ax =

X3 = X, +Ax =

Nlw o

1/ 1 1 1
Ax[f(x) + f(x) + f(x3)] = 3 (7+ 7+ W) ~ 0.6898
6 /2 6

21 2
3. f —dx=[ln|x]], =In2—-1In1 = 0.6932
1 X 1
2 x3 2
Ex)f3x2—2dx=[3——2x] =(23-4)-0=4
o 3 0
/2 z bid
Ex) f sinx dx = [-cosx] 2 = — [cos—— cosO] =—-(0-1)=1
. 0 2

2 2 2
Ex) f (x —2|x|)dx :f xdx—2| |x|dx
-1 -1 -1

2 0 2
:fxdx—Z(f —xdx+fxdx)
-1 -1 0

31/, ™ 3/,
Ex) f [sinx| dx =f sinx dx+f —sinx dx
0 0 T

*Norm of P = || P||*

n n b
timllpll > 0" fGoax = lim >’ f0x) Ax = f @) dx
x i=1 a

n
T
Ex)lim||p|| = Ong + xp sinxg Ax [0, 7] - f (x3 + xsinx) dx
7 0

10

Properties of Definite Integral
b

1. f Cdx=Cb—-a)
a

b b b
2. f [f(x) £ g()] dxzf f(x) dx + f g(x) dx

w

fb(,'f(x) dx=C fbf(x) dx

S

. fabf(x) dx = — fbuf(x) dx

5. faf(x) dx=0
c b b
6. ff(x) dx+ff(x) dx=ff(x)dx as<c<b
b
7. f(x) =0, as<x<bh ff(x)dx >0

[ee]

b b
Cfx) = g, a<x<bh ff(x) dxzfg(x) dx
b
9. m<f(x) <M, a<x<b m(b—a)sff(x)deM(b—a)

The Fundamental Theorem of Calculus

Suppose f is continuous on [a, b]

1. Ifg(x) = J.xf(t) dt, then g'(x) = f(x)
Ex) S(x) = f xsin(n f2/2) dt - §'(x)=sin(n fz/z)
0

b b
2. ff(x) dx=J.F’(x) dx = F(b) — F(a),

where F is any antiderivative of f,thatis, F' = f.

The Substitution Rule of Definite Integral
b g(b)
[ Hlo) gwax=[" " paoau
a g9(a)

d
1. gx)=u g'x)= d_u g'(x)dx = du
b g(b)
2. changeinterval [a,b] - [g(a),g(b)] f ()dx —>f ()du
a g(a)
g(b)
3 . Don'tchange u — g(x) from fwdu
g(a)

4 d 1
Ex) f V2x+1 dx (2x+1=u,2=£,dx=5du—> g0)=1,94)=9)
0

9 1 1 (° 172 9 1 26
— 1, - I 1 |2 .,3 — (935 _13/) =
= u’2 -du= fuZdu— [ uZ]_ 9°/2 —1°2) =

fl 2 2 J; 3 1 2( ) 3

2
1 du 1
ol dx =du,» Ine* =4,lne=1)

e 1
Ex f —dx Inx =u, =
) e xVInx ( dx"'x

4 4
=f u 2 %dx=f u 2 du=[2u1/2]i=2(ﬁ—ﬁ)=2'(2—1)=2
1 1

Integrals of Symmetric functions suppose f(x) is continuous on [-a, a]

1.If f(x)is even [f(—x) = f(x)], then faf(x) dx =2 faf(x) dx
-a 0

2..1f f(x)is odd [f(—x) = —f(x)], then faf(x) dx=0
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Areas between Curves
Suppose f(x)and g(x)are continuous and f(x) = g(x) for all xin [a,b]

b
a= [ @ - g ax

1.to find [a, b] ; when f(x) = g(x) =0, x valuesare [a,b]
2. which is f (x)or g(x); test any No. between [a, b]
then the bigger func. is f(x) and the other one is g(x)

d
A= f o) -g»)] dy f) = g(y) forallyin [c,d]

by A(x) =y =x*+x*+6x

B(x) =y =6x

Find the area of the shaded region.
» X on[—4,0] A(x)>B(x)

Ex) 4
%0\4 3 on[0,3]  B(x) > A(x)

0 3
[A(x) — B(x)] dx + f [B(x) — A(x)] dx

fo[(x3 +x2 4+ 6x) — (6x)] dx + f3[(6x) — (x3 4+ x?% + 6x)] dx
4 0

Ex) Ay xp=y+1
G4 x =3y -3
/ Find the area of the shaded region.
» % 1.Find [c, d]=[-2, 4]
(-1,- 2. find f(y)and g(y)- test any No. in [-2, 4]

\ FO)=0+1=1, f(0)=%-0—3=—3

then xz > x,

4 4 1
3 [ w-nay=[ orv-(52-3)ar=
B . z

-2

I Y C00 TN [ U P (4+2 8)—18
23T 2T 2T 3 =

4

1 2
(—Ey +y+4) dy

" b b
Volume of S = V = 1imZA(x;)Ax = f A(x) dx = f 7 (f(0))? dx
n—-oo a a

i=1
Let S be a solid that lies between x=a and x=b.
If the cross-sectional area of S in the plane P,, through x and perpendicular

to the x-axis, is A(x), where A is a continuous func.

AY Ex)y =+x [0,1]
Vx Find the volume of the solid obtained
/\ by rotating about x — axis
1
\ \7‘
\
AN
~
~ -

Tx V= J:A(x) dx = foln(f(x))2 dx

t 2 b s
:fn(\/}) dx:nfxdxzz
0 0

* radius = y = v/x, height = [0, 1]

\ Y
»\\ Ex)y = x%boundedbyy =8&x =0
1
\ y=x3 Find the volume of the solid obtained
1
! by rotating about y — axis
-
\‘ y = x3 > X = i/'j_/
\
\ 8 3 8 96m
2 5
N * VZL”W ar=nlsyhly =5

11

* Two functions’ case; A(x) = w(outer func.)? — n(inner func.)?*
ﬁl y=x y=x? Ex)Find the volume of enclosed by curves
y = x & y = x? is rotating about the x — axis
1.Find[a,b] y=x=x2, x—x*=x(1-x)=0
x=00r1 ~[ab]=][01]
p 2.Find f(x) 2 g(x), f(x)=x g(x)=x*

7
4
i
7
’
’
_

1 1
AN 3.1. [mx? —m(x?)?] dx = f m(x? —x*) dx =
0 0

{ [ X [(1 1) 0]_ 2m
NS T3 50 "I\37s R

Volumes by Cylindrical Shells

b b
V= f 2nx) - (f(x)) ~dx = f (circumference) - (height) - (thickness)

The volume of solid obtained by rotating about y — axis the region

under the curve y = f(x) from a to b,where 0 < a < b

Ex) Find the volume of the solid obtained by totating about the y — axis
the region bounded by y =2x%2—x%andy =0
1. Find [a, b] ; the radius ﬂ

2x2—x3=x?22-x)=0 Q>y=2x2—x3

x=00r2 [02] <]
’

2. Find the Circumference / \

L
<

It's about y — axis - 2mx ! \

3. Find the height= f(x) ' N X

v

2
f (2rx)(2x? — x3) dx -2 0 2
0

Ex) Find the volume of the solid obtained by totating about the x — axis
the region bounded by y = +/x [0,1] 1‘ y x=1
1. Find [a, b] ; the radius [0, 1] y=+x

2. Find the Circumference

It's about x — axis - 2wy r=

1
3. Find the height= f(y) /\ x
\n

Outer func.; x =1 0 1 1
Inner func.; y=+vx-> x=1y? \\\height

1

|

< |

Outer func. —Inner func.= 1 — y? =1 “4’3 \
1

[ @y -y ay '
0

1 2 4
_ oy gv = o |V Y [(l_l)_ ]_E
—Zﬂfo(y y)dy—zn[z 4]0—2n >=2) 79 =3

Average Values of Func.

If f is continuous on [a, b], then there exists a number c in [a, b] such that

1 b
F©O = fane =5 [ F00) dx

b
that is,f f(x) dx = f(c)(b—a)
a
Ex) Find the average value of the f(c) =1 + x? on[—1,2]

1 2 1 x3] 2
f(C)=fm;e=2_—(_1)f_1(1+x2) dng[x+?]_1:2
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Work Problems
locity = p = ,()_ds
velocity =v = f'(x =

leration — _dv_dds d’s
acceleration =a=—-=—- - =—

2

Force=m-a=m-—=m-f"(x
Sz =m0

Work = Force -disance =W = F - d
*x W's unit is a newton — meter,which is called a joule (J)

*The Work done in moving the object fromato b

n
Work ~ Zf(xi*)Ax
i=1

n b
Work = LLI{;Zf(xI)Ax = f f(x) dx
i=1 a

Hooke's Law f(x) = k- x

* k isa positive constant (called the spring constant)

> anatural length

N 1 Al N
€ €
\ !
N
YO0000000000000006000000
N
N F
N
3
N
N
Y

Farce due to sprin

e > a stretched length

Ex) A force of 40N is required to hold a spring that has been stretched
from its natural length of 10 ¢m to 15¢cm.
a) Find the spring's force constant.

b)How much work is done in stretching the spring from 15¢m to 18cm?

a) the spring's force constant = k
1. Find it from f(x) = k- x
2. Change the unit to m(Meter)
3. 40N = k- (0.15m — 0.10m) = k- 0.05m

= N soow
= 005m /m

b) How much work is done - Work (J)?
1. f(x) =? f(x) =k-x=800x
2. [a, b]=? [0.05, 0.08]

0.08 %210.08
3. f 800x dx = 800 |— = 400[(0.08)* — (0.05)?] = 1.56
0.05 2]0.05
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3. Higher-order Derivatives

Definitions and properties
Second derivative

, _d(dy) d’y

1= a(aj Tae

Higher-Order derivative

’

f(”) — (f(”*l))
(f+g)" =f"+g"

(f—g)" =r"—g

Leibniz’s Formulas

(f-g) =f"g+2f g'+1g"
() =" g+3f" g +3f g+ f 8"
n(n—l)

(1172) ’” (n)
+...+
A g

(f-8)" =g +nf" g+
Important Formulas

(xm )(”) — m! xln*ﬂ



